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Abstract: This study focuses on information recovery from noisy traffic data and
traffic state estimation. The main contributions of this paper are: i) a novel algorithm
based on the compressed sensing theory is developed to recover traffic data with
Gaussian measurement noise, partial data missing, and corrupted noise; ii) the
accuracy of traffic state estimation (TSE) is improved by using Markov random field
and total variation (TV) regularization, with introduction of smoothness prior; and iii)
a recent TSE method is extended to handle traffic state variables with high dimension.
Numerical experiments and field data are used to test performances of these proposed
methods; consistent and satisfactory results are obtained.
Keywords: traffic state estimation; data noise; compressed sensing; compressive
sensing; Markov random field; cell transmission model; total variation regularization
0 Introduction
As an important topic in intelligent transportation systems, traffic state estimation
(TSE) typically consists of three phases (implicitly or explicitly): data denoising and
recovery, traffic model simplification, and model-based traffic state estimation.
However, most of the existing TSE algorithms suffer the following issues:
First, in the data denoising phase, previous studies usually assume a Gaussian
distribution for data noise (Wang and Papageorgiou, 2005; Sun et al., 2003; Laval et
al., 2012; Deng et al., 2013), and ignore corrupted noise and partial data missing.
Corrupted noise and partial missing are not rare in traffic data, and difficult to be
properly handled by commonly used denoising methods (e.g., moving average,
Fourier transform, etc.). Advanced signal processing techniques have been utilized to
handle corrupted noise and partial data missing separately. For example, the corrupted
noise was interpreted as the abrupt changes in traffic time series and handled through
a multi-resolution wavelet approach (Zheng et al., 2011a; Zheng et al., 2011b; Zheng
and Washington, 2012); Wang and Papageorgiou (2005) considered partial missing
using an auxiliary random walk assumption within an extended Kalman filtering
framework. To the best of our knowledge, no TSE study has considered Gaussian
noise, corrupted noise and partial missing simultaneously.
Meanwhile, in the phase of traffic model simplification, to make nonlinear traffic
models tractable, existing TSE methods often reduce the complexity of the models at
the cost of the models’ accuracy and their numerical stability, e.g., Wang and
Papageorgiou (2005) approximated a second order macroscopic traffic model by its
first order Taylor series expansion. Muñoz et al. (2003) transformed the nonlinear
*
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(minimization) state equations of the modified Cell Transmission Model (MCTM) into
a set of piecewise linear equations through Monte Carlo simulations. More recently,
Sumalee et al. (2011) extended MCTM and proposed the Stochastic Cell Transmission
Model (SCTM). Specifically, five operational modes corresponding to different
congestion levels of a freeway segment are considered, and their overall effect is
estimated based on the theory of finite mixture distribution. Their estimated density is
reported to be more accurate than that from MCTM in terms of variance, although the
two models perform similarly in terms of the mean value of the estimated densities.
Finally, related to the first shortcoming previously discussed, Kalman filtering theory
is often applied in the existing TSE methods to generate traffic state estimations;
however, the measurement noise and the process noise of the state vector in the
Kalman filtering framework are restricted as Gaussian noise, and such restriction can
smooth out information-rich discontinuities (singularities) in the original traffic data
(Zheng and Washington, 2012). Furthermore, applying Kalman filtering techniques
can be computationally demanding, especially when the dimension of the estimated
traffic state variables is high. For example, Deng et al. (2013) recently proposed a
TSE method based on Kalman filtering with Clark’s approximation (CAKF). The
memory requirement of this algorithm is quadratic to the traffic state dimension and
the time complexity is cubic to the traffic state dimension. More detail on this
algorithm is provided in Appendix B.
The issues above motivated this study. The main objective of this paper is to improve
TSE by incorporating advanced techniques from other fields at each phase of TSE,
namely, compressed/compressive sensing (CS) for data denoising and information
recovery, Markov random field (MRF) for helping to achieve linearization of traffic
flow model, and a total variation (TV) regularization for estimating traffic states. In
addition, we also improve a recently developed TSE method (Deng et al., 2013) to
estimate traffic states with high dimension by using the Schur decomposition (Boyd
and Vandenberghe, 2009).
As shown in Figure 1, the proposed methodology consists of three steps. At Step I, the
input traffic signal is preprocessed by a CS-based information recovery method to
diminish the effects of data missing, corrupted noise and Gaussian noise; at Step II, a
method using MRF is developed to estimate traffic state 𝑠(𝑖, 𝑡); at Step III, traffic
flow q(i, t) and density 𝜌(𝑖, 𝑡) are estimated through a TV scheme.

Data denoising using
CS
Step I

Estimating 𝑠(𝑖, 𝑡)
using MRF
Step II

Estimating 𝑞(𝑖, 𝑡)
and 𝜌(𝑖, 𝑡) using TV
Step III

Figure 1 The flow diagram of the proposed method of traffic state estimation
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The structure of the remaining of this paper follows: Section 1 reviews the general
theories and algorithms in CS for data denoising and information recovery, and then
proposes our algorithm and theoretical result for applying CS in the context of TSE;
Section 2 reviews notable existing TSE algorithms and then proposes a MRF-based
approach for traffic model simplification and a TV regularization for traffic state
estimation; Section 3 presents test results for data denoising as well as traffic state
estimation, based on numerical experiments and field data; finally, Section 4
concludes the paper by summarizing main findings and discussing future research
needs.
Note that unless stated otherwise, in this paper data and measurement are
exchangeable, noise means a disturbance in the measurement that obscures the
measurement quality, and error is used to indicate accuracy, which means the
difference between the generated value and the true value.
1. Data recovery through CS
Below are notations that are used in this section. Note that the list of notations in the
beginning of each major section of this paper is not exhaustive. To be concise, some
notations that are unlikely to cause confusion are not included on the lists.
q(t): the true value of traffic flow at time t

elements indexed by ∧.

q̂(t): the measurement flow value at time t.

A: 𝑚 × 𝑛 measurement matrix.

q̌: Fourier transform of q.

b: m-dimensional measurement vector.

q̂ ∧ : |∧|-dimensional sub-vector of q̂ with

ℬ1 , ⋯ , ℬ𝑛 : IID Bernoulli random variables.

elements indexed by ∧.

f: the proportion of the signal that is discarded as

∧: the random subset of time indices of

corrupted noise.

non-missing measurements.

|∙|: the number of distinct entries in set ∙, if ∙

𝑐

𝛬 : the time indices set of missing measurements

denotes a set.

𝑥: n-dimensional vector to be recovered.

‖∙‖0 : the number of non-zero entries in vector ∙,

x̂: the solution of minimize ‖x‖1 s. t. ‖Ax −

if ∙ denotes a vector.

b‖2 ≤ η.

‖∙‖1 : ℓ1 norm.

σk (x)1 : the ℓ1 residual norm of the best k-sparse

‖∙‖2 : ℓ2 norm.

approximation of x.

∑k : the k-sparse space in n dimensional complex

εG (t): Gaussian noise at time t.

domain.

εs (t): the corrupted noise at time t.
εG|∧ : |∧|-dimensional sub-vector of εG with

F: 𝑛 × 𝑛 Fourier basis.

elements indexed by ∧.
εs|∧ : |∧|-dimensional sub-vector of εs with

by ∧.
I|∧| : |∧| × |∧| identity matrix.

IREUB: the recovery error upper bound.

F∧ : |∧| × n sub-matrix of F with rows indexed

RIP: restricted isometry property.

1.1 Existing methods
Noises are inevitably contained in traffic data collected by loop detectors, video
cameras, and other devices. For illustration purpose, Figure 1.1 shows a typical
distribution of traffic volume 𝑞̂(𝑡) recorded at Loop 101 on the Alexandras Ave,
Athens in April 2004. More specifically, the graph shows a histogram of |𝑞̂(𝑡 + 1) −
𝑞̂(𝑡)| and a curve fitted by GMM (Gaussian Mixture Model), here two mixture
3

Gaussian distributions are applied, which are parameterized by(𝜇1 , 𝜎1 ) = (0,1.03),
(𝜇2 , 𝜎2 ) = (0,9.33) and 𝑝1 = 0.91%, 𝑝2 = 90.09%, where 𝜇𝑖 , 𝜎𝑖 , and 𝑝𝑖 denotes
the mean value, standard deviation and the mixture probabilities, respectively. The
embedded figure is a magnified version of the area around [40, 120]. Figure 1.1
clearly demonstrates that while assuming a Gaussian distribution is reasonable for the
area between [0, 40], the big discrepancy between the real data and the fitted curve in
other areas indicates the presence of corrupted noise besides the low-variance
Gaussian measurement noise in 𝑞̂(𝑡)†. For more detail on the data used in Figure 1.1,
see Zheng and Su (2014). Montanino and Punzo (2015) also clearly showed the
prevalence of large-magnitude corrupted noise in different measurements (e.g.,
acceleration, speed, and spacing) in the celebrated NGSIM dataset, although they did
not use the term “corrupted noise”. Corrupted noise is distinctively different from
Gaussian noise. For example, Gaussian noise has a well-defined probability density
function (PDF), while for corrupted noise, its magnitude (the absolute value of its
element) can be arbitrarily large, and the PDF of its non-zero elements can also be
arbitrary. Corrupted noise is typically assumed to be sparse (Foygel and Mackey,
2013).

Probability

Another type of common noise in traffic data is partial data missing due to hardware
malfunctions, communication errors, and etc. Different types of noises in traffic data
present a serious challenge for estimating traffic state. Thus, data recovery is an
important step in most existing TSE algorithms.

|q t + 1 − q t | !

Figure 1.1 The histogram and the fitted GMM curve of |𝑞̂(𝑡 + 1) − 𝑞̂(𝑡)|; the
embedded figure is a magnified version of the area around [40, 120].

†

|𝑞̂(𝑡 + 1) − 𝑞̂(𝑡)| has two potential sources: the genuine traffic dynamics, and the noise. However,

|𝑞̂(𝑡 + 1) − 𝑞̂(𝑡)| caused by genuine traffic dynamics should be well bounded, while the arbitrarily
large magnitude of |𝑞̂(𝑡 + 1) − 𝑞̂(𝑡)| (e.g., the enlarged segment of Figure 1.1) can only be caused by
corrupted noise. This figure is only for illustrating the existence of corrupted noise in traffic flow data.
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Mainly for simplicity, most TSE methods (Muñoz et al., 2003, Wang and
Papageorgiou, 2005, Laval et al., 2012, Deng et al., 2013) assume that the noise
contaminating traffic data is the identically and independently distributed (IID)
Gaussian noise, as shown in Equation (1.1):
𝑞̂(𝑡) = 𝑞(𝑡) + 𝑛(𝑡), 𝑡 = 1, ⋯ , 𝑛, 𝑛(𝑡)~𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎 2 (𝑡))

(1.1)

Where 𝑞̂(𝑡) denotes the measured value of 𝑞(𝑡), and 𝑛(𝑡) denotes the Gaussian
noise.
In case of partial data missing, the missed data points are assumed to take an auxiliary
random walk (Wang and Papageorgiou, 2005) that enables describing the whole
traffic time series within a Kalman system, as shown in Equation (1.2):
𝑞(𝑡) = 𝑞(𝑡 − 1) + 𝑤(𝑡), 𝑡 ∈ 𝛬𝑐
{
(1.2)
𝑞̂(𝑡) = 𝑞(𝑡) + 𝑛(𝑡), 𝑡 ∈ 𝛬
Where 𝛬𝑐 ⊆ {1, ⋯ , 𝑛} and 𝛬 denote the indices of missing and non-missing data
points, respectively; w(t) and 𝑛(𝑡) are IID Gaussian noises. Furthermore, the
standard deviations of the Gaussian noise 𝑛(𝑡) in Equation (1.1) and w(t) in
Equation (1.2) are usually assumed to be significantly lower than the average
magnitude of the noise-free traffic data in the literature (e.g., Wang and Papageorgiou,
2005, and Deng et al., 2013), which implies that corrupted noise is not considered.
1.2 Data recovery within CS framework
Traffic flow is used in this section for the purpose of demonstration. However, other
traffic measures (e.g., speed, density) can be formulated similarly.
(1) Problem statement
No TSE study has considered Gaussian noise, corrupted noise, and partial missing
simultaneously. A unified framework is in need. To fill this gap, we formulate the raw
traffic flow time series as shown in Equation (1.3):
𝑞̂(𝑡) = 𝑞(𝑡) + 𝜀𝐺 (𝑡) + 𝜀𝑠 (𝑡), 𝑡 ∈ 𝛬 ⊆ {1, ⋯ , 𝑇}
(1.3)
Where 𝜀𝐺 (𝑡) denotes the IID Gaussian noise, 𝜀𝑠 (𝑡) denotes the IID corrupted noise,
and 𝛬 denotes the indices of non-missing data points. Gaussian noise, corrupted
noise, and data missing are independent from each other.
Typically, three cases can occur in processing traffic data:
Case I: q̂(𝑡) is assumed to contain partial data missing and Gaussian noise:
q̂(𝑡) = 𝑞(𝑡) + 𝜀𝐺 (𝑡), t ∈ 𝛬 ⊆ {1, ⋯ , T}
Case II: q̂(𝑡) is assumed to contain Gaussian noise and corrupted noise:
q̂(𝑡) = 𝑞(𝑡) + 𝜀𝐺 (𝑡) + 𝜀𝑠 (𝑡)
Case III: q̂(𝑡) is assumed to contain partial data missing, Gaussian noise and
corrupted noise as described in (1.3).

(1.4)
(1.5)

Obviously, Case I and II are special cases of Case III. In this paper, we develop a
CS-based algorithm to recover signal in Case III. According to the Nyquist–Shannon
sampling theorem, to fully reconstruct a signal, it must be sampled at the rate of at
5

least twice the highest frequency present in the signal (Shannon 1949). Obviously,
missing data makes recovering a signal more challenging. However, a recent
breakthrough (i.e., the CS theory) in the field of information theory shows that a
signal with a sparse representation can be recovered exactly from a small set of linear,
non-adaptive measurements (Candès, 2006; Candès et al, 2006; Donoho, 2006). The
CS theory makes it possible to recover sparse signals by taking measurements far
fewer than what the Nyquist–Shannon sampling theorem requires. Thus, CS has great
potentials of being applied to imaging, MRI, astronomy, linear coding, etc. (Foucart
and Holger, 2013).
Applying the CS theory in the context of traffic state estimation was also recently
attempted in the literature. Zhu et al. (2013) and Xu et al. (2014) applied a CS
framework to real traffic data with missing data and measurement noise. However, the
CS framework developed in Zhu et al. (2013) and Xu et al. (2014) doesn’t work when
the measurement matrix contains corrupted noises, e.g., when the measurement matrix
contains a few corrupted noises in its diagonal, although the corrupted noises are
sparse, the low-rank assumption in their CS framework will be severely violated. To
the best knowledge of the authors, our study is the first to consider the traffic state
estimation problem with Gaussian noise, corrupted noise, and partial missing
simultaneously. Moreover, no study in the traffic engineering literature has clearly
introduced important concepts and theorems in the CS theory. This gap is filled in this
study, too.
The CS framework is adopted in this study to develop effective algorithms for
recovering the traffic signal in Equation (1.3) by exploiting its sparsity. Without loss
of generality, we make following reasonable assumptions:
(1) 𝜀𝑠 is sparse;
(2) q can be represented sparsely through a certain basis B, for example, the Fourier
basis or a more general basis family – the uniformly bounded orthogonal basis
(Rudelson and Vershynin, 2008). Sparsity of traffic data has been verified in the
literature, e.g., in Zhu et al. (2013), sparsity of traffic data is demonstrated by
showing the existence of hidden structure in traffic data through principal
component analysis; sparsity of traffic data is similarly shown in Xu et al. (2014).
In this paper, the Fourier basis is adopted‡. A typical example shown in Figure 1.2
also demonstrates the soundness of this assumption based on the CS theory.
(3) The data missing appears randomly and uniformly. This assumption does not need
to be strictly satisfied in order for the CS-based method to achieve a sound
‡

Fourier basis is a (important) special case of uniformly bounded orthogonal basis. Empirically

verifying whether q can be represented sparsely via other uniformly bounded orthogonal basis can be
similarly done by plotting the IREUB curve (just like what we have done for using Fourier basis in
Figure 1.2 in the paper). Choosing different basis can have impact on computational time. For example,
if Fourier basis is chosen, the computation in solving Equation (1.9) can be made faster through
techniques like fast partial Fourier transformation (Van Loan, 1992).
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performance – it is needed only for theoretical rigorousness, as confirmed in the
analysis discussed later.
Under these assumptions, the remaining part of this section describes the algorithms
as well as the theoretical results for cases I, II and III.
(2) Data recovery through CS
In this section, CS theories are used to recover the traffic data 𝑞(𝑡), 𝑡 ∈ {1, ⋯ , 𝑛} for
the three cases previously discussed (i.e., equations (1.3) ~ (1.5)).
We state the ℓ1 norm minimizations corresponding to the three cases and then
present sufficient conditions that guarantee recovery accuracies for Case I - III,
respectively. However, two relevant concepts (i.e., Restricted isometry property, and
Random subset) are introduced first.
Restricted isometry property (RIP) (Candès and Tao, 2006): A measurement
matrix§ A satisfies the restricted isometry property (RIP) of order k (RIP-k), if there
exists a 𝛿 ∈ (0,1) such that
(1 − 𝛿)‖𝑥‖22 ≤ ‖𝐴𝑥‖22 ≤ (1 + 𝛿)‖𝑥‖22
holds for all 𝑥 ∈ 𝛴𝑘 , where 𝛴𝑘 = {𝑥|‖𝑥‖0 ≤ 𝑘}, which denotes all vectors that are at
most k-sparse. Here, ‖𝑥‖0 denotes the ℓ0 quasi-norm** representing the number of
non-zero elements in x, and 𝛿𝑘 is the largest value of 𝛿 defined above (i.e., the
largest RIP-k constant of A). Note that 𝛿 depends on k.
Random subset with the average cardinality m (Rudelson and Vershynin, 2008): 𝛬
is called a random subset of {1, ⋯ , 𝑛} with the average cardinality m if 𝛬 =
{𝑗 ∈ {1, ⋯ , 𝑛}|ℬ𝑗 = 1}, where ℬ1 , ⋯ , ℬ𝑛 are IID Bernoulli random variables with
the probability of

𝑚
𝑛

(𝑚 < 𝑛).

Let 𝑞 denote the n-dimensional true traffic flow signal 𝑞 = [𝑞(1), ⋯ , 𝑞(𝑛)]𝑇 , 𝑞̌
denote the discrete Fourier transform of q, F denote the conjugate transpose of the
𝑛 × 𝑛 Fourier basis, 𝛬 is a random subset of {1, ⋯ , 𝑛} with the average cardinality
m, 𝐹𝛬 and 𝑞𝛬 are corresponding sub-matrices indexed by 𝛬. Then 𝑞̌ for the
aforementioned three cases can be recovered through equations (1.7) ~ (1.9):
Case I: traffic signal is assumed to contain partial data missing and Gaussian noise

In CS, a typical setting is 𝐴𝑥 = 𝑏 for recovering an n-dimensional signal x from an m-dimensional
(m<<n) compressed sensing vector b, where A is an 𝑚 × 𝑛 matrix; b is defined as the measurement
vector, and A is defined as the measurement matrix. In practice, A and b are known, and m is
significantly smaller than n.
**
In this paper, ‖𝑥‖0 defined the cardinality (the number of non-zero elements) in vector x as in
§

Donoho (2006), ‖𝑥‖1 define the

ℓ1 norm of x, while ‖𝑥‖2 define the ℓ2 norm of x.
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𝑚𝑖𝑛𝑥 ‖𝑥‖1 , 𝑠. 𝑡. ‖𝐹𝛬 𝑥 − 𝑞̂𝛬 ‖2 ≤ ‖𝜀𝐺|𝛬 + 𝜀𝑠|𝛬 ‖

(1.7)

2

where 𝜀𝑠|𝛬 denotes corrupted noise, and 𝜀𝐺|𝛬 denotes the sub-vector of 𝜀𝐺 indexed
by 𝛬.
In Equation (1.7), although noise is assumed to be Gaussian, corrupted noise also
appears in the right-hand side of Equation (1.7) because corrupted noise can still exist
in traffic data regardless of what assumption is used. Essentially, in this case, noise in
traffic data is treated as a single type in Equation (1.7).
Case II: traffic signal is assumed to contain corrupted noise and Gaussian noise
𝑚𝑖𝑛𝑥,𝑓 ‖𝑥‖1 + ‖𝑓‖1 , 𝑠. 𝑡. ‖𝐹𝑥 + 𝑓 − 𝑞̂‖2 ≤ ‖𝜀𝐺 ‖2
(1.8)
Case III: traffic signal is assumed to contain partial data missing, corrupted noise and
Gaussian noise simultaneously
𝑚𝑖𝑛𝑥,𝑓 ‖𝑥‖1 + ‖𝑓‖1 , 𝑠. 𝑡. ‖𝐹𝛬 𝑥 + 𝑓 − 𝑞̂𝛬 ‖2 ≤ ‖𝜀𝐺|𝛬 ‖

2

(1.9)

where |𝛬| denotes the cardinality of 𝛬, 𝜀𝑠|𝛬 denotes corrupted noise, 𝑓 is the
proportion of the signal that is discarded as corrupted noise, and 𝜀𝐺|𝛬 denotes the
sub-vector of 𝜀𝐺 indexed by 𝛬. Note that ‖𝜀𝐺 ‖2 is the norm of the Gaussian
measurement noise, which cannot be known precisely in practice. However, it can be
approximated with a constant 𝜂, which represents the upper bound of ‖𝜀𝐺 ‖2 :
‖𝜀𝐺 ‖2 ≤ 𝜂. For traffic data, 𝜂 represents a good guess or prior knowledge about the
ℓ2 norm of the Gaussian measurement error, and can be approximated by variance of
the Gaussian measurement error in the historical data.
The measurement matrix A and measurement vector b of the three cases are
summarized in Table 1.1. Note that in this table 𝐼𝑛 denotes the 𝑛 × 𝑛 identity matrix,
Table 1.1 Measurement matrices and measurement vectors
Measurement matrix A
Measurement vector b
Case I
𝐹𝛬
𝑞̂𝛬
[𝐹, 𝐼𝑛 ]
Case II
𝑞̂
[𝐹𝛬 , 𝐼|𝛬| ]
Case III
𝑞̂𝛬
The recovery accuracy of solutions for Equation (1.7) ~ (1.9) are proved in the CS
literature, as briefly listed below.
Theorem 1.1 (Recovery accuracy of Case I)†† (Rudelson and Vershynin, 2008;
††

Since the sensing matrix in our paper is assumed to be a partial Fourier matrix whose rows are

randomly and uniformly selected, Theorem 1.1 in our paper can be easily obtained by combining the
results in Rudelson and Vershynin (2008) and Candes (2008).
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Candes, 2008) If 𝛬 is a random sub-set of {1, ⋯ , 𝑛} with the average cardinality of
m, let 𝑥̂ denotes the solution of Equation (1.7), 𝑞̌ denotes the Fourier transform of q,
then we have ‖𝑥̂ − 𝑞̌‖2 ≤ 𝐶0
1

𝜎𝑘 (𝑞̌)1
√𝑘

+ 𝐶1 ‖𝜀𝐺|𝛬 ‖ with a probability of no less than
2

𝐶

𝑘×𝑙𝑜𝑔(𝑛)

1 − 𝐶2 𝑒𝑥𝑝 (− 𝜖2 ) if 𝑚 ≥ 𝜖23 𝑘 × 𝑙𝑜𝑔(𝑛)𝑙𝑜𝑔 (

𝜖2

) (𝑙𝑜𝑔(𝑘))2, where 𝐶0 ~𝐶3

are positive constants; specifically 𝐶2 linearly depends on 𝛿 −2.
Theorem 1.2 (Recovery accuracy of Case II)‡‡ (Elad, 2010) let 𝑥 ∗ = [𝑞̌; 𝜀𝑠 ]
denote the concatenate of the Fourier transform of the noise-free signal q and the
corrupted noise, and 𝑥̂ the solution to Equation (1.8), then we have:
‖𝑥 ∗ − 𝑥̂‖22 ≤

2

4‖𝜀𝐺 ‖2
1−(4‖𝑥 ∗ ‖0 −1)⁄√𝑛

if ‖𝑥 ∗ ‖0 ≤

1+√𝑛
4

.

Recovery accuracy of Case III: the recovery accuracy of Equation (1.9) can be
guaranteed by theoretical results in the CS literature (e.g., Candes, 2006; Li, 2013; and
Ngyuen and Tran, 2013). More specifically, for cases with ‖𝜀𝐺|𝛬 ‖ = 0, its recovery
2

accuracy can be proved using results in Candès and Romberg (2006), and for cases
with ‖𝜀𝐺|𝛬 ‖ > 0, its recovery accuracy can be proved using Theorem 4.33 in
2

Foucart and Holger (2013). Details are not provided in this paper to save space.
As discussed above, Equation (1.7) treats noises (Gaussian noise plus corrupted noise)
in traffic data as one type of noise. In contrast, Equation (1.9) treats Gaussian noise
and corrupted noise separately. More specifically, the solution of Equation (1.7) is
regarded as the recovered signal with corrupted noise neither being distinguished nor
separated. However, the solution of Equation (1.9) consists of two components: the
recovered signal and the separated corrupted noise. When the magnitude of corrupted
noise is not large, a reasonable recovery accuracy through Equation (1.7) can be
achieved according to Theorem 1.1. When the magnitude of corrupted noise is
tangible, the recovery accuracy of using Equation (1.7) becomes poor. This is where
Equation (1.9) comes to play. In Equation (1.9), the magnitude of corrupted noise can
be large, but its recovery performance is still satisfactory. Intuitively, Equation (1.9)
can also handle scenarios without corrupted noise because the corrupted noise will
simply be a zero-vector, and Equation (1.9) will perform as well as Equation (1.7) in
this circumstance.
According to the CS theory above,

‡‡

𝜎𝑘 (𝑞̌)1
√𝑘 ‖𝑞‖2

can be used as an indicator to approximate

This theorem can be obtained by substituting the mutual coherence of the matrix [𝐹, 𝐼] equal to

1
√𝑛

into Theorem 5.2 of Elad (2010).
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the upper bound of the recovery error of the CS-based algorithm proposed in this
study. For a given q, the indicator of the recovery error upper bound (IREUB) changes
as k changes. Intuitively, a rapid decrease of IREUB with the increase of k indicates a
good sparsity of the signal. For example, if with the increase of k, IREUB rapidly
decreases and become stable when 𝑘 ≥ 𝑘0 , we can take this signal as approximately
k0-sparse, which can be recovered with a reasonable accuracy using CS (there will be
no recovery error if this signal is strictly k0-sparse).
IREUB of the loop detector data collected at I-5, Portland, OR is shown in Figure 1.2.
The data were collected for every 20 seconds from 4 to 6 pm, the 1st of January 2006.
More description on the dataset is provided in Section 3.2. In this figure, IREUB of
speed and density are plotted. For the purpose of comparison, IREUB of a white noise
is also plotted. This figure clearly shows that IREUB of speed and density decreases
more rapidly than that of the white noise, and becomes stable when the sparsity ratio
is around 0.2. This convincingly illustrates that the traffic data exhibit a nice sparsity
property under Fourier transform.
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Figure 1.2 Demonstration of the sparsity of a typical traffic signal through the Fourier
basis; 𝑘 is the upper-bound of the sparsity to ensure the recovery accuracy.
In practice, since accurately calculating the RIP constant of a matrix is very difficult
(Tillmann and Pfetsch, 2014), m and 𝑘 have to be estimated empirically, which is not
unrealistic for the following two reasons: i) by looking at historical data, it is
generally not hard to have some idea on how many missing values are and how many
data points that contain large noises; ii) the accuracy of the estimations of m and 𝑘𝑛
are not critical because the recovery accuracy of the proposed TSE algorithm is robust.
More specifically, according to our extensive experiments, when
𝑘
𝑚

𝑚
𝑛

> 20% and

< 20%, the recovery accuracy of Equation (1.9) can be satisfactory in all cases, see
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Section 3.1.1 and Section 3.2 for more details.
Performance of this new algorithm for recovering information from noisy traffic data
is demonstrated in Section 3.
2. Traffic state estimation using MRF
Below are notations that are used in this section:
vf : free-flow speed.

q̂(i, t): the measurement value of q(i, t).

wb : backward wave propagation speed.

ρ̂(i, t): the measurement value of ρ(i, t).

k j : jam density.

n(i, t): the cumulative vehicle counts at li

C: the maximum flow (capacity).

during time [0, t]∆t.

ρc : the critical density.

nu (t), nd (t): the cumulative vehicle counts at

i = 0, … , N + 1: the space index.

the upstream and downstream boundaries during

t = 1, … , T: time index.

time [0, t]∆t, respectively.

∆l: unit space increment.
∆t: unit time increment.

ηit = [εq (i, t), ερ (i, t), ερ (i − 1, t)]T .
Ωff , Ωcg : the free-flow state, and congestion state

li : location of the ith station.

specified by ηit , respectively.

lu , ld :

location

of

the

upstream

station,

𝐺: a graph structure.

downstream station, respectively.

V: the index set of nodes in a N × T rectangle

q(i, t): true flow value entering li during time

grid.

interval [t, t + 1]∆t.

E: the edges of the N × T rectangle grid.

ρ(i, t): true density value within [li , li+1 ] during

vj : the state of the node at ith row and t th

time interval [t, t + 1]∆t.

column in the rectangle grid, where j ∈

s(i, t): true traffic state within [li , li+1 ] during

{1, … , NT}.

time interval [t, t + 1]∆t.

λ, 𝑤kl : weighting factors of the smoothness term

ε

q (i,

t), ε

ρ (i,

t): The Gaussian measurement

noise corresponding to q(i, t), ρ(i, t),

in MRF energy.
θkl;vkvl : penalty of assigning 𝑣𝑘 and 𝑣𝑙 to

respectively.

nodes 𝑘 and 𝑙.

σ2q , σ2ρ : the variance of εq (i, t), ερ (i, t),

γ: weighting factor of the smoothness term in

respectively.

the minimization operation.

2.1 Problem statement
𝑞(𝑖, 𝑡)
𝑞 (𝑡)

𝜌(𝑖 − 1, 𝑡)

𝜌(𝑖, 𝑡)

𝑞 (𝑡)

Figure 2.1 schematic of a homogeneous freeway segment
In this paper, we consider a homogeneous freeway segment (without on/off ramps)
that is divided into cells as shown in Figure 2.1. 𝜌(𝑖, 𝑡) is the density of cell
𝑖 (1 ≤ 𝑖 ≤ 𝑁) during time interval [𝑡, 𝑡 + 1]∆𝑡, 1 ≤ 𝑡 ≤ 𝑇, 𝑞(𝑖, 𝑡) is the traffic flow
that enters cell i during the same time interval, 𝑞𝑢 (𝑡) and 𝑞𝑑 (𝑡) denote the traffic
flow entering the upstream and leaving the downstream of this freeway segment
during time [𝑡, 𝑡 + 1]∆𝑡, respectively. For simplicity and without loss of generality,
we assume that the cells have the same length of ∆𝑙, and that for locations where
measurements are available 𝜌(𝑖, 𝑡), 𝑞(𝑖, 𝑡), 𝑞𝑢 (𝑡) and 𝑞𝑑 (𝑡) are measured with
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noise, as shown in Equation (2.1)§§:
𝑞̂(𝑖, 𝑡) = 𝑞(𝑖, 𝑡) + 𝜀 𝑞 (𝑖, 𝑡)
𝜌̂(𝑖, 𝑡) = 𝜌(𝑖, 𝑡) + 𝜀 𝜌 (𝑖, 𝑡)
𝑞̂𝑢 (𝑡) = 𝑞𝑢 (𝑡) + 𝜀 𝑞 (0, 𝑡)
{𝑞̂𝑑 (𝑡) = 𝑞𝑑 (𝑡) + 𝜀 𝑞 (𝑁 + 1, 𝑡)

(2.1)

Where 𝜀 𝑞 (𝑖, 𝑡)~𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎𝑞2 ), 𝐼𝐼𝐷; 𝜀 𝜌 (𝑖, 𝑡)~𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎𝜌2 ), 0 ≤ 𝑖 ≤ 𝑁 + 1, 𝐼𝐼𝐷;
𝜀 𝑞 (𝑖, 𝑡) and 𝜀 𝜌 (𝑖, 𝑡) denote the measurement noise of the flow, density at location 𝑙𝑖
during time interval [𝑡, 𝑡 + 1]∆𝑡, respectively. Although the input variables of
Equation (2.1) have been de-noised, the error terms are still necessary because it is
unrealistic to assume that all the noise can be completely filtered out at the end of
Step I; 𝑁𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎 2 ) denotes a normal distribution with mean 𝜇 and standard
deviation 𝜎.
In this study, traffic flow follows a triangular fundamental diagram, as shown in
Figure 2.2. Where C denotes the capacity of this highway segment; and 𝜌𝑐 denotes
the corresponding critical density; 𝑣𝑓 and 𝑤𝑏 denote the free-flow speed and
backward wave propagation speed, respectively; and 𝑘𝑗 denotes the jam density.
Objective of this paper is to estimate 𝑞(𝑖, 𝑡) and 𝜌(𝑖, 𝑡) at any intermediate
locations.
Two widely used macroscopic traffic flow models, i.e., Newell’s three-detector model
(TDM) (Newell, 1993) and Cell Transmission Model (CTM) (Daganzo, 1994), are
considered in this study. Both models are consistent with the triangular fundamental
diagram, and are often used in the TSE literature.

𝜌

𝜌

Figure 2.2 A triangular fundamental diagram
In TDM (Newell, 1993), the cumulative vehicle counts 𝑛(𝑖, 𝑡) at any location 𝑙i
within a homogeneous freeway segment can be directly derived from the boundary
inputs 𝑛𝑢 (𝑡) and 𝑛𝑑 (𝑡), which is mathematically described below:
𝑙

𝑛(𝑖, 𝑡) = 𝑚𝑖𝑛 {𝑛𝑢 (𝑡 − 𝑣𝑖 ) , 𝑛𝑑 (𝑡 −
𝑓

§§

𝑙𝑑 −𝑙𝑖
𝑤𝑏

) + 𝑘𝑗 (𝑙𝑑 − 𝑙𝑖 )}

(2.2)

In the context of developing stochastic traffic flow models Jabari and Liu (2012) criticized the

addition of noise terms to dynamical traffic variables. However, the focus of this study is traffic state
estimation by using existing traffic flow models.
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Where 𝑙𝑑 denote the downstream boundary of a freeway segment.
In CTM, traffic flow q(i, t) is determined by the following relationship (Daganzo,
1994; Sumalee et al., 2011):
{

𝑞(𝑖, 𝑡) = 𝑚𝑖𝑛{𝑣𝑓 𝜌(𝑖 − 1, 𝑡), 𝑤𝑏 (𝑘𝑗 − 𝜌(𝑖, 𝑡))}
𝜌(𝑖, 𝑡 + 1) = 𝜌(𝑖, 𝑡) +

(2.3)

∆𝑡[𝑞(𝑖,𝑡)−𝑞(𝑖+1,𝑡)]
∆𝑙

2.2 Model linearization
One major challenge of using TDM or CTM to estimate traffic state is the
non-linearity of the equations (2.2) and (2.3). Let 𝑠(𝑖, 𝑡) denote the binary value that
indicates free (i.e., 𝑠(𝑖, 𝑡) = 0) or congestion state (i.e., 𝑠(𝑖, 𝑡) = 1), then
In TDM:
𝑙

𝑠(𝑖, 𝑡) = {

1, 𝑖𝑓 𝑛𝑢 (𝑡 − 𝑣𝑖 ) ≥ 𝑛𝑑 (𝑡 −
𝑓

𝑙𝑑 −𝑙𝑖
𝑤𝑏

) + 𝑘𝑗 (𝑙𝑑 − 𝑙𝑖 )

(2.4)

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
In CTM:
𝑠(𝑖, 𝑡) = {

1, 𝑖𝑓 𝑣𝑓 𝜌(𝑖 − 1, 𝑡) ≥ 𝑤𝑏 (𝑘𝑗 − 𝜌(𝑖, 𝑡))
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(2.5)

In the literature, various methods are used to simplify the minimization operation in
𝑙

equations (2.2) and (2.3). Deng et al. (2013) treat 𝑛𝑢 (𝑡 − 𝑣𝑖 ) and 𝑛𝑑 (𝑡 −
𝑓

𝑙𝑑 −𝑙𝑖
𝑤𝑏

)+

𝑘𝑗 (𝑙𝑑 − 𝑙𝑖 ) as Gaussian random variables, and then approximate the minimization
𝑙

operation as a linear operation between 𝑛𝑢 (𝑡 − 𝑣𝑖 ) and 𝑛𝑑 (𝑡 −
𝑓

𝑙𝑑 −𝑙𝑖
𝑤𝑏

) + 𝑘𝑗 (𝑙𝑑 − 𝑙𝑖 )

according to the Clark’s approximation theory (Clark, 1961) in a probit model.
Sumalee et al. (2011) relax the one wave front assumption of MCTM proposed in
Muñoz et al. (2003), and form a basic switch state model system of two neighboring
cells 𝑖 and (𝑖 + 1). They consider five operational modes corresponding to different
congestion levels of a freeway segment, and estimate their overall effect based on the
theory of finite mixture distribution.
Overall, to make nonlinear traffic models tractable, existing TSE methods often
reduce the complexity of the models at the cost of the models’ accuracy and their
numerical stability.
If s(i,t) in equations (2.4) and (2.5) is known, the minimization operations in
equations (2.2) and (2.3) are transformed into linear relationships, which can be easily
solved by using well-established methods, e.g., Kalman filtering can be applied to
estimate the expected value and the variance of 𝜌(𝑖, 𝑡). This approached has been
experimented in the literature. However, determining s(i,t) is challenging, since its
domain grows exponentially as the number of cells N or the number of time intervals
T increases.
In this study, a method using MRF is developed to indirectly linearize traffic flow
13

model. An MRF is a set of random variables having a Markov property described by
an undirected graph, which is called the Markov network. MRF is often used in
computer vision (such as image restoration, image segmentation, image registration,
and etc.) and its successful applications are widely reported (Blake et al., 2011; Li,
2009; Boykov, 2001).
Although the remaining discussion is based on CTM, extending the method to TDM is
straightforward.
(1) Calculation of probability of 𝒔(𝒊, 𝒕)
When s(i, t)=0, according to Equation (2.3), it means that
𝜂𝑖𝑡 = [𝜀 𝑞 (𝑖, 𝑡), 𝜀 𝜌 (𝑖, 𝑡), 𝜀 𝜌 (𝑖 − 1, 𝑡)]𝑇 lies within the area defined as:
𝛺𝑓𝑓 = {[𝜀 𝑞 (𝑖, 𝑡), 𝜀 𝜌 (𝑖, 𝑡), 𝜀 𝜌 (𝑖 − 1, 𝑡)]| {

𝑣𝑓 [𝜌̂(𝑖 − 1, 𝑡) − 𝜀 𝜌 (𝑖 − 1, 𝑡)] ≤ 𝑤𝑏 [𝑘𝑗 − 𝜌̂(𝑖, 𝑡) + 𝜀 𝜌 (𝑖, 𝑡)]
}
𝑞̂(𝑖, 𝑡) − 𝜀 𝑞 (𝑖, 𝑡) = 𝑣𝑓 [𝜌̂(𝑖 − 1, 𝑡) − 𝜀 𝜌 (𝑖 − 1, 𝑡)]

Similarly, when s(i, t)=1, it implies that 𝜂𝑖𝑡 = [𝜀 𝑞 (𝑖, 𝑡), 𝜀 𝜌 (𝑖, 𝑡), 𝜀 𝜌 (𝑖 − 1, 𝑡)]𝑇 lies
within the area defined as:
𝛺𝑐𝑔 = {[𝜀 𝑞 (𝑖, 𝑡), 𝜀 𝜌 (𝑖, 𝑡), 𝜀 𝜌 (𝑖 − 1, 𝑡)]| {

𝑣𝑓 [𝜌̂(𝑖 − 1, 𝑡) − 𝜀 𝜌 (𝑖 − 1, 𝑡)] > 𝑤𝑏 [𝑘𝑗 − 𝜌̂(𝑖, 𝑡) + 𝜀 𝜌 (𝑖, 𝑡)]
}
𝑞̂(𝑖, 𝑡) − 𝜀 𝑞 (𝑖, 𝑡) = 𝑤𝑏 [𝑘𝑗 − 𝜌̂(𝑖, 𝑡) + 𝜀 𝜌 (𝑖, 𝑡)]

Then the probabilities of s(i, t)=0 and s(i,t)=1 can be naturally defined as proportional
to the integrals as shown in Equation (2.6):
𝑝𝑟{𝑠(𝑖, 𝑡) = 0} ∝ ∭𝛺 𝑝𝑑𝑓(𝜂𝑖𝑡 )𝑑𝜂𝑖𝑡
𝑓𝑓
{
𝑝𝑟{𝑠(𝑖, 𝑡) = 1} ∝ ∭𝛺 𝑝𝑑𝑓(𝜂𝑖𝑡 )𝑑𝜂𝑖𝑡

(2.6)

𝑐𝑔

Where 𝑝𝑑𝑓(𝜂𝑖𝑡 ) =

1
√(2𝜋)3 |𝛴|

𝜎𝑞2
𝑒𝑥𝑝(−𝜂𝑖𝑡 𝑇 𝛴 −1 𝜂𝑖𝑡 ), here 𝛴 = [

𝜎𝜌2

] denotes
𝜎𝜌2

the covariance matrix of 𝜂𝑖𝑡 . Although measurement noises are treated differently in
Jabari and Liu (2013) and Osorio and Flötteröd (2013), the independence assumption
of measurement noises from different devices at different spatial and temporal
domains is reasonable and simplifies mathematical complexity; moreover, the
independence assumption is not critical to the TSE algorithm because for situations
where the independence assumption does not hold, we only need to modify
𝑝𝑟(𝑠(𝑖, 𝑡)) and the objective function of maximum log-likelihood (i.e., Equation
(2.8)).
For simplicity, traffic state is assumed to be identical within a single cell, either free
flow (i.e., s(i, t) = 0) or congested (i.e., s(i, t) = 1). Thus, the probability of s(i,t) can
be calculated according to Equation (2.7).
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{

𝑝𝑟{𝑠(𝑖, 𝑡) = 0} =

∭𝛺
∭𝛺

𝑓𝑓

𝑓𝑓

𝑝𝑑𝑓(𝜂𝑖𝑡 )𝑑𝜂𝑖𝑡

𝑝𝑑𝑓(𝜂𝑖𝑡 )𝑑𝜂𝑖𝑡 +∭𝛺

𝑐𝑔

𝑝𝑑𝑓(𝜂𝑖𝑡 )𝑑𝜂𝑖𝑡

(2.7)

𝑝𝑟{𝑠(𝑖, 𝑡) = 1} = 1 − 𝑝𝑟{𝑠(𝑖, 𝑡) = 0}
(2) Estimation of s(i,t) by introducing smoothness prior
To take the advantage of the fact that change of the traffic state along a freeway
segment is generally gradual, which leads to the “smoothness” of traffic states of
neighboring cells, analogous to the smoothness of neighboring pixels of an image (but
different from the mathematical/numerical smoothness), smoothness prior, a
technique that is widely used in pattern recognition (the image processing, in
particular) literature (e.g., Blake et al. 2011; Dai et al. 2007; Schmolck and Everson
2007), is introduced in our study to keep the balance between the likelihood of 𝑠(𝑖, 𝑡)
and the smoothness of 𝑠(𝑖, 𝑡) along both the time and space dimensions, by defining
MRF energy of a binary variable 𝑣𝑗 ∈ {0,1}, 𝑗 = 1, ⋯ , 𝑁𝑇 as in Equation (2.8):
𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝑣𝑗∈{0,1},𝑗∈𝑉 − ∑𝑗∈𝑉 𝑙𝑜𝑔(𝑝𝑟{𝑣𝑗 }) + 𝜆 ∑(𝑘,𝑙)∈𝐸 𝑤𝑘𝑙 (𝑣𝑘 − 𝑣𝑙 )2

(2.8)

Where 𝑉 = {1, ⋯ , 𝑁𝑇} denotes the indices of all vertices of the grid structure of
graph G within which 𝑠(𝑖, 𝑡), 1 ≤ 𝑖 ≤ 𝑁, 1 ≤ 𝑡 ≤ 𝑇 is defined. The undirected graph
structure appears unnatural. However, direction of the graph structure either in the
time domain or in the space domain has no impact on the smoothness term; E denotes
indices of the neighboring cells of 𝑠(𝑖, 𝑡); λ is a positive weighting factor; and
𝑤𝑘𝑙 = 𝑝𝑟{𝑣𝑘 = 1}𝑝𝑟{𝑣𝑙 = 0} + 𝑝𝑟{𝑣𝑘 = 0}𝑝𝑟{𝑣𝑙 = 1}.
Introducing smoothness prior in our study does not smooth out meaningful
discontinuities of traffic dynamics (e.g., shock waves) because using the smoothness
of s(i, t) in Equation (2.8) is simply to utilize the fact that from a statistical perspective,
the probability of traffic state changing from t to t+1 is relatively small (i.e.,
𝑝𝑟{𝑣𝑘 ≠ 𝑣𝑙 |(𝑘, 𝑙) ∈ 𝐸} is relatively small, where 𝑣𝑘 ∈ {0,1}). Genuine state changes
(i.e., shockwaves in Figure 2.4) can be preserved while false ones (i.e., isolated
changes in Figure 2.4) are filtered out.
Figure 2.3 below depicts the graph structure 𝐺 = (𝑉, 𝐸) of the MRF energy defined
in Equation (2.8).
In this figure, the horizontal axis stands for the time domain and the vertical axis for
the space domain; circles denote nodes or vertices (i.e., 𝑗1 ~𝑗4 in this figure), lines
connecting two nodes are edges, denoted as (𝑗1 , 𝑗2 ), (𝑗1 , 𝑗3 ), (𝑗3 , 𝑗4 ) and (𝑗2 , 𝑗4 ); in
addition, 𝑣𝑗1 ~𝑣𝑗4 correspond to 𝑠(𝑖, 𝑡)~𝑠 (𝑖 + 1, 𝑡 + 1) as shown in the figure.
All the nodes in the grid form the node set V that consists of 𝑁 × 𝑇 nodes, where N
is the number of unit in space and T in time. For example, in Figure 2.3, the node set
consists of four nodes 𝑗1 ~𝑗4 . {𝑣𝑗 , 1 ≤ 𝑗 ≤ 𝑁𝑇} correspond to a binary state set
{𝑠(𝑖, 𝑡), 1 ≤ 𝑖 ≤ 𝑁, 1 ≤ 𝑡 ≤ 𝑇}.

15

vj1 = s(i, t)

j1

(j1 , j2 )

(j1 , j3 )

j3

vj2 = s(i, t + 1)

j2
(j2 , j4 )

(j3 , j4 )

vj3 = s(i + 1, t)

j4
vj4 = s(i + 1, t + 1)

Figure 2.3 The graph structure of the MRF energy
Similarly, all the edges in the grid form the edge set E. For example, in Figure 2.3, E
consists of four edges, that is, (𝑗1 , 𝑗2 ), (𝑗1 , 𝑗3 ), (𝑗3 , 𝑗4 ) and (𝑗2 , 𝑗4 ). The weight of
each edge is defined as 𝑤𝑘𝑙 (𝑣𝑘 − 𝑣𝑙 )2 if edge (k, l) belongs to E, see Equation (2.8).
The definition of MRF energy in Equation (2.8) tends to penalize any neighboring
vertices that have different states.
To solve Equation (2.8) globally through graph-cut algorithms (more discussion later),
Equation (2.8) can be rewritten as Equation (2.9):
𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝑣𝑗∈{0,1},𝑗∈𝑉 − ∑𝑗∈𝑉 𝑙𝑜𝑔(𝑝𝑟{𝑣𝑗 }) + 𝜆 ∑𝑣𝑘 ,𝑣𝑙∈{0,1},(𝑘,𝑙)∈𝐸 𝜃𝑘𝑙;𝑣𝑘𝑣𝑙

(2.9)

subject to
{

𝜃𝑘𝑙;00 + 𝜃𝑘𝑙;11 = 0
, ∀(𝑘, 𝑙) ∈ 𝐸
𝜃𝑘𝑙;01 + 𝜃𝑘𝑙;10 = 𝑤𝑘𝑙

The difference between Equation (2.8) and Equation (2.9) only exists in the second
term, i.e., the penalty related term. These constraints imposed in Equation (2.9) are for
ensuring the equivalence of these two equations. The intuitive meaning of these
constraints is explained below.
Constraint I: 𝜃𝑘𝑙;00 + 𝜃𝑘𝑙;11 = 0
This constraint implies that, for two neighboring nodes k and l, if they are in the same
traffic state, i.e., both are in a free flow state as denoted by the subscript “00” or both
are in a congested state as denoted by the subscript “11”, they should not be penalized,
i.e., their associated penalty term should be 0.
Constraint II: 𝜃𝑘𝑙;01 + 𝜃𝑘𝑙;10 = 𝑤𝑘𝑙
This constraint implies that, for two neighboring nodes k and l, if they are in different
traffic states, i.e., node k in a free flow state and node l in a congested state as denoted
by the subscript “01” or vice versa, they should be penalized, and magnitude of the
penalty is proportional to the probability of the nodes k and l being in different traffic
states, i.e., 𝑤𝑘𝑙 = 𝑝𝑟{𝑣𝑘 = 1}𝑝𝑟{𝑣𝑙 = 0} + 𝑝𝑟{𝑣𝑘 = 0}𝑝𝑟{𝑣𝑙 = 1}.
Generally speaking, solving Equation (2.9) is NP hard. However, it is easy to verify
that all edges in Equation (2.9) are submodular edges (see Definition 2.1). According
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to Kolmogorov and Zabin (2004) and Blake et al. (2011), if all edges in E are
submodular edges, the global minimum of Equation (2.9) can be obtained effectively
through the graph cut algorithm proposed in Boykov and Jolly (2001). Thus, the
graph-cut algorithm proposed in Boykov and Jolly (2001) is implemented in this
study to solve Equation (2.9).
Figures 2.3 ~ 2.5 show the effectiveness of introducing smoothness prior on
estimating the congestion profile. In these figures the SNR of the Gaussian
measurement noise is set as 5db. The true congestion profile is shown in Figure 2.3. If
the congestion profile is estimated by directly using Equation (2.7), that is, 𝑠(𝑖, 𝑡) =
0 when 𝑝𝑟{s(i, t) = 0} > 0.5 and 𝑠(𝑖, 𝑡) = 1 when 𝑝𝑟{s(i, t) = 1} ≥ 0.5, the
estimated congestion profile (see Figure 2.4) is noisy with significant estimation
errors (i.e., the mean absolute percentage error (MAPE) is 68.42% in Figure 2.4). In
contrast, by introducing smoothness prior as discussed above, the estimation accuracy
of the congestion profile has been dramatically improved as shown in Figure 2.5, for
example, MAPE is decreased to 3.51%. MAPE is defined in Equation (3.1) and the
experiment used for constructing these figures are described in Section 3.1.
Definition 2.1 submodular edge (Blake, et al., 2011): Edge 𝑒𝑘𝑙 is called a
submodular edge with respect to its MRF energy function (e.g., Equation (2.9) in this
study) if 𝜃𝑘𝑙;01
+ 𝜃𝑘𝑙;10state≥profile𝜃𝑘𝑙;00 + 𝜃𝑘𝑙;11 .
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𝜆 = 1.5***, MAPE = 3.51%

2.3 Estimating the density profile
Given s(i, t), the first equation of Equation (2.3) can be linearized as shown in
Equation (2.10) by accounting for measurement noise:
{

𝑞̂(𝑖, 𝑡) − 𝜀 𝑞 (𝑖, 𝑡) = 𝑣𝑓 [𝜌̂(𝑖 − 1, 𝑡) − 𝜀 𝜌 (𝑖 − 1, 𝑡)], if 𝑠(𝑖, 𝑡) = 0
𝑞̂(𝑖, 𝑡) − 𝜀 𝑞 (𝑖, 𝑡) = 𝑤𝑏 [𝑘𝑗 − 𝜌̂(𝑖, 𝑡) + 𝜀 𝜌 (𝑖, 𝑡)], otherwise

(2.10)

To estimate the measurement noise 𝜀 𝜌 (𝑖, 𝑡) and 𝜀 𝑞 (𝑖, 𝑡), the maximum
log-likelihood estimation (MLE) method is implemented as shown in Equation (2.11):
𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒 − ∑𝑖,𝑡(

𝜀 𝜌 (𝑖,𝑡)2
𝜎𝜌2

+

𝜀 𝑞 (𝑖,𝑡)2
𝜎𝑞2

),

(2.11)
𝑞̂(𝑖, 𝑡) − 𝜀 𝑞 (𝑖, 𝑡) = 𝑣𝑓 [𝜌̂(𝑖 − 1, 𝑡) − 𝜀 𝜌 (𝑖 − 1, 𝑡)](1 − 𝑠(𝑖, 𝑡)) + 𝑤𝑏 [𝑘𝑗 − 𝜌̂(𝑖, 𝑡) + 𝜀 𝜌 (𝑖, 𝑡)]𝑠(𝑖, 𝑡)
s. t. {
∆𝑡[𝑞̂(𝑖, 𝑡) − 𝑞̂(𝑖 + 1, 𝑡) + 𝜀 𝑞 (𝑖 + 1, 𝑡) − 𝜀 𝑞 (𝑖, 𝑡)]
𝜌̂(𝑖, 𝑡 + 1) − 𝜀 𝜌 (𝑖, 𝑡 + 1) = 𝜌̂(𝑖, 𝑡) − 𝜀 𝜌 (𝑖, 𝑡) +
∆𝑙

where 1 ≤ 𝑖 ≤ 𝑁, 1 ≤ 𝑡 ≤ 𝑇. Once 𝜀 𝜌 (𝑖, 𝑡) and 𝜀 𝑞 (𝑖, 𝑡) are solved from Equation
(2.11), we can then estimate q(i,t) and 𝜌(𝑖, 𝑡) from Equation (2.1). Note that the
objective function in Equation (2.11) can be easily obtained from
log (∏i,t σ

1
ρ √2π

exp (−

ερ (i,t)2
σ2ρ

)σ

1
q √2π

exp (−

εq (i,t)2
σ2q

)).

Zheng and Washington (2012) show that the discontinuities (singularities) of traffic
signal often carry useful information such as indicating traffic state changes, and
those discontinuities correspond to the sharp edges of the space-time profile of traffic
states. Meanwhile, Rudin et al. (1992) found that space functions of bounded total
variance (TV) play an important role in the accurate estimation of discontinuities.
Thus, a TV term of 𝜌(𝑖, 𝑡) is introduced to Equation (2.11) because Chambolle (2004)
and Goldstein and Osher (2009) showed that the solution of maximizing a posterior
term plus a TV regularization term can effectively suppress the oscillation while sharp
edges in image are preserved, which leads to Equation (2.12). Note that for
convenience of TV formulation, maximization in Equation (2.11) is converted to
minimization of the negative objective function in Equation (2.12).
∑(
𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒
𝜌
𝑞

𝜀 (𝑖,𝑡),𝜀 (𝑖,𝑡)

𝑠. 𝑡. {

𝑖,𝑡

𝜀 𝜌 (𝑖, 𝑡)2 𝜀 𝑞 (𝑖, 𝑡)2
|𝜌̂(𝑖, 𝑡) − 𝜌̂(𝑖 − 1, 𝑡) + 𝜀 𝜌 (𝑖 − 1, 𝑡) − 𝜀 𝜌 (𝑖, 𝑡)|
+
)+𝛾∑
2
2
̂(𝑖, 𝑡) − 𝑞̂(𝑖, 𝑡 − 1) + 𝜀 𝑞 (𝑖, 𝑡 − 1) − 𝜀 𝑞 (𝑖, 𝑡)|
𝜎𝜌
𝜎𝑞
𝑖,𝑡 +|𝑞

𝑞̂(𝑖, 𝑡) − 𝜀 𝑞 (𝑖, 𝑡) = 𝑣𝑓 [𝜌̂(𝑖 − 1, 𝑡) − 𝜀 𝜌 (𝑖 − 1, 𝑡)](1 − 𝑠(𝑖, 𝑡)) + 𝑤𝑏 [𝑘𝑗 − 𝜌̂(𝑖, 𝑡) + 𝜀 𝜌 (𝑖, 𝑡)]𝑠(𝑖, 𝑡)
𝜌̂(𝑖, 𝑡 + 1) − 𝜀 𝜌 (𝑖, 𝑡 + 1) = 𝜌̂(𝑖, 𝑡) − 𝜀 𝜌 (𝑖, 𝑡) +

∆𝑡[𝑞̂(𝑖,𝑡)−𝑞̂(𝑖+1,𝑡)+𝜀 𝑞 (𝑖+1,𝑡)−𝜀 𝑞 (𝑖,𝑡)]
∆𝑙

(2.12)
where 1 ≤ 𝑖 ≤ 𝑁, 1 ≤ 𝑡 ≤ 𝑇.
***

In practice, an optimal 𝜆 depends on SNR of the flow and density measurements, as well as the

scale of the space and time domains. In this paper, to ensure a fair comparison with other TSE
algorithms, 𝜆 is intentionally not optimally selected.
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Equation (2.12) is a convex optimization problem, and its global optimum can be
achieved by using classical convex programming methods, e.g. the gradient-descent
or interior point method. In this paper, for implementation efficiency, a recently
developed algorithm, i.e., split Bregman iteration method (Goldstein and Osher, 2009),
is applied.
Figures 2.6 ~ 2.8 show the effectiveness of introducing this TV term on estimating the
density profile. The true density profile is shown in Figure 2.6. If the density profile is
estimated without TV regularization term by setting 𝛾 = 0 in Equation (2.12), a
significant amount of error occurs with MAPE = 26.15% as shown in Figure 2.7.
However, by introducing the TV term, the estimation accuracy of the density profile
has been clearly improved as shown in Figure 2.8, e.g., MAPE is decreased to 15.72%.
In these figures, the time and space horizons of interest are evenly partitioned into 128
intervals, and SNR of the density and flow is 5db, respectively. MAPE is defined in
Equation (3.1) and the experiment used for constructing these figures are described in
Section 3.1. ground true density profile
density profile via MAP denoising
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Figure 2.8 The density profile estimated with the TV regularization term, 𝛾 = 10†††; MAPE = 15.72%

†††

Similar to 𝜆, an optimal 𝛾 depends on SNR of the flow and density measurements, as well as the

scale of the space and time domains. In this paper, to ensure a fair comparison with other TSE
algorithms, 𝛾 is not optimally selected.
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3. Performance test
Below are notations that are used in this section:
𝜗𝑚 : the percentage of measurement data.

ρ̃(i, t): the estimated value of ρ(i, t).

𝜗𝑘 : the percentage of corruption noise among

s̃(i, t): the estimated value of s(i, t).

the measurement data

An : a time-space region.

∇q: difference of vector q.

q(An ), ρ(An ), v(An ): traffic volume, density and

σ(|∇q|): the standard deviation of the absolute

speed in An , respectively.

value of difference between q(t+1) and q(t).

t(An ): total travel time spent by all vehicles in

MAPE: the mean absolute percentage error.

An .

SNR: the signal to noise ratio.

3.1 Numerical experiment
In this section, a series of numerical experiments based on the triangular fundamental
diagram is deployed to comprehensively investigate the performance of the proposed
data recovery method and the traffic state estimation method. The triangular
fundamental diagram is defined as the free-flow speed 𝑣𝑓 = 60 𝑚𝑝ℎ, the backward
propagation wave speed 𝑤𝑏 = 12 𝑚𝑝ℎ, and the jam density 𝜌𝑗 = 220 𝑣𝑒ℎ/𝑚𝑖𝑙𝑒. In
these experiments, a 10-mile homogeneous freeway segment without on- or offramps is uniformly divided into N sections as shown in Figure (2.1). For this freeway
segment, the downstream discharge rate is fixed at 𝑞𝑑 (𝑡) = 600 𝑣𝑝ℎ, while the
demand (e.g., the upstream arriving rate) is time dependent as defined below:
500𝑣𝑝ℎ,
𝑡 ≤ 7: 00𝑎𝑚
𝑞𝑢 (𝑡) = {1000𝑣𝑝ℎ, 7: 00𝑎𝑚 < 𝑡 ≤ 8: 00𝑎𝑚
250𝑣𝑝ℎ,
𝑡 > 8: 00𝑎𝑚
Where vph represents vehicles per hour.
The fundamental diagram of this freeway segment is shown in Figure 3.1. Before 7:00
am, the traffic state is represented by point A, which is a free flow state with an equal
arriving and discharge rate (i.e., 500 vph); at 7:00 am, the traffic state changes from A
to B triggered by the increase of the arriving rate (i.e., from 500 vph to 1000 vph).
Because the maximum discharge rate is only 600 vph, which is significantly less than
the arriving rate, traffic congestion forms, and the first shock wave occurs as depicted
by the arrow from B to C. Traffic state stays in point C until after 8:00 am when the
arriving rate decreases to 250 vph. Then traffic congestion started diminishing and
another shock wave occurs (i.e., the arrow from C to D). Traffic state eventually
returns to a free flow state as depicted by point D with an equal arriving and discharge
rate of 250 vph.
Waves generated during this process and their evolutions in time and space are
demonstrated in Figure 3.2. This figure shows that the increase of arriving rate from
500 vph to 1000 vph is carried by a forward-moving wave at 60 mph and arrives at the
downstream at 7:10 am. This is the time when congestion first appears at the
20

downstream of the freeway segment. Then the congestion spreads to upstream as the
congestion wave propagates backwards at 4.07 mph. This backward-moving wave
meets another forward-moving wave at the 6-mile point at 8:06 am. This
forward-moving wave travels at speed at 60 mph and is generated by the decrease of
the arriving rate from 1000 vph to 250 vph at the upstream of the freeway segment.
Crashing of these two waves leads to the birth of a new forward-moving wave, which
signals dissipating of the congestion. This wave travels towards the downstream at
3.65 mph and arrives at the downstream boundary at 9:12 am. Afterward, the freeway
segment operates in a free flow state. Under the assumption of the triangular traffic
flow fundamental diagram and if the collected traffic data are free of noise, the traffic
state of this freeway segment at any time and at any location can be easily obtained
analytically as demonstrated in Figure 3.2. For example, the congestion profile and
density profile of this freeway segment in our experiment are shown in Figure 2.3 and
Figure 2.6, respectively. In addition, IREUB of the experimental data is shown in
Figure 3.3, which clearly shows that the traffic data generated from this experiment
exhibit a nice sparsity property under Fourier transform.
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Figure 3.3 Sparsity of the traffic data generated from this experiment
3.1.1 Experiment results on data recovery
In this section, performance of the data recovery method (i.e., Equation (1.9))
proposed in this study is tested and compared with the Kalman filter based algorithm
(Wang and Papageorgiou, 2005). To improve its implementation efficiency, the
Bregman iteration method (Yin et al., 2008) is applied to solve the 𝐿1 minimization
in Equation (1.9).
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The simulation time is from 7 am to 9:12 am. The length of the generated signal is n =
512. To rigorously test the CS-based data recovery algorithm’s performance, different
SNRs, non-missing data ratios, non-zero corrupted noise ratios, and magnitudes of
corrupted noise have been considered, as summarized in Table 3.1. More specifically,
SNRs that were tested in the experiment are [30, 20, 10] db; the percentages of
non-missing data 𝜗𝑚 (i.e., m/n) that are considered in the experiment are 𝜗𝑚 =[5%,
10%, 20%, 40%, 80%, 100%]; the percentages of non-zero corrupted noise 𝜗𝑘 (i.e.,
k/m) that are considered in the experiment are 𝜗𝑘 =[5%, 10%, 15%, 20%]‡‡‡; and
also 𝑘 = ‖𝜀𝑠 ‖0 with two different expected magnitudes of corrupted noise
𝐸[‖𝜀𝑠 ‖2 ] = [3, 96]𝜎(|𝛻𝑞|), where 𝜎(|𝛻𝑞|) stands for the standard deviation of the
absolute value of difference between q(t+1) and q(t).
In summary, the experiment considered six different non-missing data ratios, four
different non-zero corrupted noise ratios, three different SNRs, and two different
expected magnitudes of corrupted noise. In addition, two patterns of data missing
have been considered: random data missing and consecutive data missing, which is
motivated by the often observed phenomenon in the real world that data are often
missing for a consecutive period of time. Thus, in total, 288 (i.e., 24 × 3 × 2× 2)
scenarios have been simulated. To ensure the reliability of each simulated scenario, 25
independent runs for each scenario were executed (that is, 7200 runs in total).
Table 3.1 Scenarios used for testing the CS-based data recovery algorithm
Factor Data missing SNR (db) Non-missing Corrupted
Magnitude of
pattern
data ratio (%) noise ratio (%) corrupted noise
Value Random;
[30, 20,
[5, 10, 20, 40, [5, 10, 15, 20]
[3, 96]𝜎(|𝛻𝑞|)
consecutive
10]
80, 100]
The recovery error is measured by MAPE as defined in Equation (3.1):
𝑀𝐴𝑃𝐸 =

∑𝑛
̃(𝑖)|
𝑖=1|𝑞(𝑖)−𝑞
∑𝑛
𝑖=1|𝑞(𝑖)|

(3.1)

where 𝑞̃ denotes the estimated traffic flow, q denotes the true traffic flow, which was
generated by simulation (see Section 3.1).
The heat maps in Figure 3.4 ~ Figure 3.9 show the mean MAPE value (calculated
from 25 independent runs) for three different SNRs (i.e., 30 db, 20 db and 10 db), and
2 different expected magnitudes of the non-zero elements in corrupted noise (i.e.,
3𝜎(|𝛻𝑞|) and 96𝜎(|𝛻𝑞|) respectively. The sub-figure at the i-th row and the j-th
column represents MAPE for the scenario with 𝜗𝑚 (𝑖) and 𝜗𝑘 (𝑗).
In the first row of Figure 3.4 ~ Figure 3.9, data missing occurs randomly, while in the
‡‡‡

We have observed large recovery errors for both the CS-based data recovery algorithm and the

Kalman filtering method when 𝜗𝑘 > 20 (that is, 𝜀𝑠 is not sparse); to save space, these results are not
reported here.
23

second row of Figure 3.4 ~ Figure 3.9, data missing occurs consecutively as defined
by 𝛬 = {(𝑖 + 𝑗)|𝑗 = 1, ⋯ , 𝑚} where i is a random variable chosen from {1, ⋯ , 𝑛 −
𝑚}. From the experimental results depicted in Figure 3.4 ~ Figure 3.9, main findings
are:
a) When the magnitude of the non-zero elements in the corrupted noise is large
(e.g., 96𝜎(|𝛻𝑞|)), the performance of the proposed CS-based data recovery
algorithm is significantly and consistently better than that of the Kalman filtering
method described in Wang and Papageorgiou (2005). This is not surprising
because the effect of corrupted noise is not considered in the Kalman filtering
algorithm.
b) Under the assumption that data miss randomly, when ratio of non-missing data
𝜗𝑚 is no less than 20% and non-zero ratio of corrupted noise 𝜗𝑘 is less than 20%,
the recovery accuracy of the proposed CS-based data recovery algorithm is
satisfactory (e.g., MAPE is around 5% in most cases) and significantly better than
that of the Kalman filtering algorithm. However, when the majority of the data are
missing (i.e., 𝜗𝑚 < 20%), the performance of the proposed CS-based data
recovery algorithm is deteriorated and occasionally outperformed by the Kalman
filtering algorithm. This can be explained by Theorem 1.2 that when the number
of measurements m is small, the sensing matrix unlikely satisfies RIP-2k.
Therefore the recovery accuracy of the proposed algorithm is no longer
guaranteed.
c) Under the assumption that data miss consecutively, by comparing the first column
of Figure 3.4 ~ Figure 3.9, we find that the recovery accuracy of the proposed
CS-based data recovery algorithm is significantly deteriorated in most cases. This
phenomenon is caused by the fact that when data miss consecutively, the
theoretical guarantee of recovery accuracy of case III does not hold anymore.
Thus, the recovery accuracy of the proposed algorithm is not guaranteed. A similar
trend is observed for the Kalman filtering algorithm, although the degree of the
performance deterioration of the Kalman filtering is not as large.
Overall, these figures consistently and clearly show that the proposed CS-based
algorithm is effective in handling partial data missing and corrupted noise, and MAPE
of the CS-based data recovery method is as small as half of that of the Kalman
filtering method, or even smaller except when the percentage of missing data is
extremely large (e.g., larger than 90%).
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Figure 3.4 MAPE of the recovered traffic flow; SNR= 10 db, the mean magnitude of nonzero elements
of corrupted noise is 3𝜎(|𝛻𝑞|); the horizontal axis of the heat map stands for percentages of non-zero
corrupted noise (i.e., 𝜗𝑘 ), and the vertical axis for percentages of non-missing data (i.e., 𝜗𝑚 ).
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Figure 3.5 MAPE of the recovered traffic flow; SNR= 20 db, the mean magnitude of nonzero elements
of corrupted noise is 3𝜎(|𝛻𝑞|); the horizontal axis of the heat map stands for percentages of non-zero
corrupted noise (i.e., 𝜗𝑘 ), and the vertical axis for percentages of non-missing data (i.e., 𝜗𝑚 ).
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Figure 3.6 MAPE of the recovered traffic flow; SNR= 30 db, the mean magnitude of nonzero elements
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of corrupted noise is 3𝜎(|𝛻𝑞|); the horizontal axis of the heat map stands for percentages of non-zero
corrupted noise (i.e., 𝜗𝑘 ), and the vertical axis for percentages of non-missing data (i.e., 𝜗𝑚 ).
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Figure 3.7 MAPE of the recovered traffic flow; SNR= 10 db, the mean magnitude of nonzero elements
of corrupted noise is 96𝜎(|𝛻𝑞|); the horizontal axis of the heat map stands for percentages of non-zero
corrupted noise (i.e., 𝜗𝑘 ), and the vertical axis for percentages of non-missing data (i.e., 𝜗𝑚 ).
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Figure 3.8 MAPE of the recovered traffic flow; SNR= 20 db, the mean magnitude of nonzero elements
of corrupted noise is 96𝜎(|𝛻𝑞|); the horizontal axis of the heat map stands for percentages of non-zero
corrupted noise (i.e., 𝜗𝑘 ), and the vertical axis for percentages of non-missing data (i.e., 𝜗𝑚 ).
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Figure 3.9 MAPE of the recovered traffic flow; SNR= 30 db, the mean magnitude of nonzero elements
of corrupted noise is 96𝜎(|𝛻𝑞|); the horizontal axis of the heat map stands for percentages of non-zero
corrupted noise (i.e., 𝜗𝑘 ), and the vertical axis for percentages of non-missing data (i.e., 𝜗𝑚 ).

3.1.2 Experiment results on traffic state estimation
As previously described, the 10-mile highway segment is divided evenly into N
sections, and the interested time period [7: 00am, 9: 12am] is also divided evenly to
T intervals. 𝜌(𝑖, 𝑡) and 𝑞(𝑖, 𝑡), 1 ≤ 𝑖 ≤ 𝑁, 1 ≤ 𝑡 ≤ 𝑇 denote the density and flow of
the 𝑖 th section during the 𝑡 th time interval.
To validate the accuracy of the estimated congestion profile 𝑠(𝑖, 𝑡) and density
profile 𝜌(𝑖, 𝑡) of the proposed method, two recently-developed models with
promising performance are selected and implemented in this study as two
benchmarking algorithms. Specifically, a CTM-based mixed Kalman filtering with
Markov Chain Monte Carlo (KFMCMC) algorithm is selected since it estimates both
𝑠(𝑖, 𝑡) and 𝜌(𝑖, 𝑡) and outperforms in density estimation both the switch state model
(SSM) and MCTM proposed in Muñoz et al. (2003), using the field data from I-210
West in Southern California (Sun et al., 2003). Most recently, Deng et al. (2013)
proposed a TSE method based on the Kalman filtering with Clark’s approximation
(CAKF), which can fuse heterogeneous data sources under the framework of Newell’s
three-detector model, and achieve promising results. Therefore, CAKF is selected as
the other algorithm for comparison in our experiment.
Details on these two benchmarking algorithms are provided in Appendix A ~
Appendix B. Note that in selecting benchmarking algorithms, we did not choose any
algorithm that is not based on a triangular fundamental diagram to ensure a fair
comparison (otherwise, result would be in favor of the algorithm proposed in this
study). For this reason, a popular TSE method based on the second order macroscopic
traffic model (Wang and Papageorgiou, 2005) is not used as a benchmarking
algorithm.
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Meanwhile, CAKF is quite computational demanding§§§ when the number of
estimated traffic variables is large as the memory requirement is quadratic to the
traffic state dimension and the time complexity is cubic to the traffic state dimension.
Thus, we have used the Schur decomposition (Boyd and Vandenberghe, 2009) to
improve its performance with the large-scale TSE problem. See Appendix B for more
detail.
(1) Congestion profile estimation
Each algorithm’s performance on congestion profile estimation with different SNRs is
summarized in Figure 3.10 ~ Figure 3.12. MAPE denotes the mean absolute
percentage error and is calculated using Equation (3.2):
𝑀𝐴𝑃𝐸 =

∑𝑖,𝑡|𝑠̃ (𝑖,𝑡)−𝑠(𝑖,𝑡)|

(3.2)

∑𝑖,𝑡|𝑠(𝑖,𝑡)|

Where 𝑠 denotes the true traffic state, 𝑠̃ denotes the estimated one.
MAPE in each figure is the average of 25 independent runs, and 𝜆 = 0.015 in
Equation (2.8). In each figure, the vertical axis represents the value of MAPE, the
horizontal axis represents the scale of the profile in the time and space domains, e.g.,
a point (30, 0.1) means that the MAPE value of the freeway segment’s congestion
profile consisting of 30 × 30 equidistance cells in the time and space domains (i.e.,
the time duration and the freeway segment are divided into 30 equidistances,
respectively) is 10%. Note that CAKF is not included in this comparison analysis
because it does not directly estimate a congestion profile.
(𝑚)

As described in Appendix A, 𝑠𝑖

in KFMCMC algorithm is generated sequentially
(𝑚)

through MCMC using Equation (A.2), where 𝑠𝑖

represents the m-th random

sample of the binary traffic state (i.e., free flow or congestion) at location 𝑖.
(𝑚)

As we can see from Equation (A.2), given 𝑠𝑖
(𝑚)

probability of generating 𝑠𝑖

(𝑡), 𝑦𝑖 (1: 𝑡), and 𝑢(1: 𝑡 + 1), the

(𝑡 + 1) is determined by the product of two terms in

the right-hand side of Equation (A.2). When the measurement noise is very large, the
(𝑚)

second term 𝑝(𝑦𝑖 (𝑡 + 1)|𝑠𝑖

(𝑡 + 1), 𝑠𝑖(𝑚) (𝑡), 𝑦𝑖 (1: 𝑡), 𝑢(1: 𝑡)) may be close to be a
(𝑚)

random number, which contributes little to predict the probability of 𝑠𝑖
§§§

(𝑡 + 1). In

Deng et al. (2013) use the correction step of the Kalman filter idea once for only counts at the

upstream and downstream ends of the link, which does not cause computational problem. However, in
reality, data from intermediate locations can also be partially available. Using these data can lead to an
enhanced performance of Deng et al.’s algorithm, as indicated in Figure 5 of Deng et al. (2013), which
has also been confirmed in our experiments. When data from intermediate locations are large,
computational cost of Deng et al.’s algorithm will rapidly increase. Our improvement on Deng et al.’s
algorithm can avoid this computational problem, and thus can extend its applications.
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(𝑚)

such case, the probability of generating 𝑠𝑖
(𝑚)

term 𝑝(𝑠𝑖

(𝑚)

(𝑡 + 1)|𝑠𝑖

(𝑚)

(𝑡)). In addition, according to Equation (A.3), 𝑠𝑖
(𝑚)

tends to stay as the same as 𝑠𝑖
(𝑚)

incorrectly, then all 𝑠𝑖

(𝑡 + 1) is largely governed by the first

(𝑚)

(𝑡), which means that if 𝑠𝑖

(𝑡 + 1)

(𝑡) is generated

(𝜏), 𝜏 ≥ 𝑡 tends to take incorrect values, too.

Therefore when the measurement noise is large, the MAPE of KFMCMC can be large
and unstable. More specifically, in our experiments we observed that when scale = 90
or 128, although most of the MAPE of KFMCMC is close to the average MAPE of
cases with scale = 30 or 60, a few MAPEs happened to have large values, which
explains why the average MAPE curve increase as scale is larger than 60 in Figure
3.10. Intuitively, such phenomenon will disappear if the median MAPE is used.
However, using mean MAPE can better reveal these algorithms’ robustness.
From these figures, the proposed algorithm consistently and convincingly outperforms
KFMCMC. More specifically, with SNR=5 db (see Figure 3.10), MAPE of the
proposed algorithm is less than 0.1 while MAPE of KFMCMC is above 0.35; with
SNR= 10 db (see Figure 3.11), MAPE of the proposed algorithm is approximately
within the range of [0.02, 0.075] while MAPE of KFMCMC is approximately within
the range of [0.07, 0.105]; with SNR= 20 db (see Figure 3.12), MAPE of the proposed
algorithm is approximately within the range of [0.01, 0.025] while MAPE of
KFMCMC is approximately within the range of [0.025, 0.075].
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Figure 3.10 Results of the traffic state estimated by KFMCMC and the proposed
algorithm; SNR=5 db.
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Figure 3.11 Results of traffic state estimated by KFMCMC and the proposed
algorithm; SNR=10 db.
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Figure 3.12 Results of the traffic state estimated by KFMCMC and the proposed
algorithm; SNR=20 db. Note that the slight increase of MAPE at the scale 90 is caused
by numerical inaccuracy and it will diminish as the number of experiments increases.
(2) Density profile estimation
Similarly, each algorithm’s performance on density profile estimation with different
SNRs is summarized in Figure 3.13 ~ Figure 3.15. MAPE denotes the mean absolute
percentage error and is calculated using Equation (3.3):
𝑀𝐴𝑃𝐸 =

∑𝑖,𝑡|𝜌
̃ (𝑖,𝑡)−𝜌(𝑖,𝑡)|
∑𝑖,𝑡|𝜌(𝑖,𝑡)|

(3.3)

Where 𝜌 denotes the true density value, and 𝜌̃ denotes the estimated one.
MAPE in each figure is the average of 25 independent runs, and 𝛾 = 10 in Equation
(2.12). From these figures, the following conclusions can be drawn:
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a) In all the cases, the proposed method convincingly outperforms the two
benchmarking algorithms. More specifically, MAPE of the proposed method
approximately ranges from 0.18 to 0.08 in our experiment.
b) As SNR increases, all three algorithms’ performances improve;
c) When noise in the data is substantial (e.g., SNR is small), CAKF performs
poorly; however, as noise diminishes, CAKF’s performance becomes
SNR = 5db
comparable
0.8 with KFMCMC’s.
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SNR = 10db
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Figure 3.13 Density profile
estimation results; for the proposed algorithm, 𝛾 = 10
and SNR=5 db.
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Figure 3.14 Density profile estimation results; for the proposed algorithm, 𝛾 = 10
and SNR = 10 db.

31

SNR = 20db

0.16

0.15

0.14

MAPE

0.13

CAKF

0.12
KFMCMC
0.11

0.1
The proposed method
0.09

0.08
30

40

50

60

70

80
Scale

90

100

110

120

130

Figure 3.15 Density profile estimation results; for the proposed algorithm, 𝛾 = 10
and SNR=20 db.
3.2 Field data
The proposed methods’ performances are also tested using field data. More
specifically, two commonly-used data sources (i.e., loop detector data, and vehicular
trajectories) are utilized. Consistent and satisfactory performances of the proposed
methods have been obtained as elaborated below.
First, we have used the loop detector data collected from I-5 in Portland, OR (see
Figure 3.16 for its schematic) to test the CS-based algorithm’s performance on
information recovery. More specifically, the data were collected from 4 to 6 pm, the
1st of January 2006. This site was chosen mainly for the following three reasons: i)
The quality of this data source was formally tested and confirmed in Zheng et al.
(2010); ii) These loop detector locations were close to a downstream bottleneck, and
frequently experienced different traffic states including traffic oscillations, which
provides a good opportunity for testing a TSE algorithm’s performance; iii) Despite
on and off ramps, geometry of this road segment is relatively homogenous without
sharp curves or steep slopes. Vehicle count, occupancy and time-mean speed during
each 20-second interval were collected at each loop detector location and available
from Portland Oregon Regional Transportation Archive Listing (PORTAL 2009). The
test result on vehicle count is summarized in Table 3.2. This table reveals that the data
recovery performance via CS is better than that via the Kalman filter in all cases. In
particular, this table also clearly reveals that when the uniform distribution
assumption of the missing data is violated to various degrees, the CS-based algorithm
still consistently performs better. Note that compared with the Kalman filter based
method, although the performance improvement of the CS-based method is indeed not
huge, it is notable (i.e., decrease of MAPE ranges from about 3% to about 10%).
Moreover, such performance improvement is statistically significant. In addition, to
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specifically test the CS-based algorithm’s ability of filtering out corrupted noise,
another dataset collected by loop detectors with extreme traffic flow values due to
hardware failure was also analyzed. Result reveals that the effectiveness of the
CS-based method in filtering corrupted noise is evident. For example, all the extreme
values of traffic flow in the dataset were successfully filtered out. Detail of this
additional analysis is included in Appendix C.
To further test performance of the MRF-based TSE algorithm we have used vehicle
trajectories collected from US-101, Los Angeles by NGSIM project (see Figure 3.17
for its schematic), which has been widely used in the literature (for example, Chen et
al. 2012, Zheng 2014). A challenge of using individual trajectories to estimate traffic
states is to accurately extract traffic flow measurements from trajectories: volume,
density, and speed. In our analysis, Eddie’s method (Eddie 1965) was adopted to
achieve this goal. More specifically, using Eddie’s generalized definitions of traffic
flow measurements, for an n-vehicle platoon inside a time-space region 𝐴𝑛 , we have:
𝑞(𝐴𝑛 ) =

𝑑(𝐴𝑛 )

𝑡(𝐴𝑛 )

𝑑(𝐴𝑛 )

|𝐴𝑛 |

|𝐴𝑛 |

𝑡(𝐴𝑛 )

; 𝜌(𝐴𝑛 ) =

; 𝑣(𝐴𝑛 ) =

where 𝑞(𝐴𝑛 ), 𝜌(𝐴𝑛 ), and 𝑣(𝐴𝑛 ) are traffic volume, density, and speed in 𝐴𝑛 ,
respectively; 𝑡(𝐴𝑛 ) is the total travel time spent by all vehicles in 𝐴𝑛 , 𝑑(𝐴𝑛 ) is the
total distance travelled by all vehicles in 𝐴𝑛 , and |𝐴𝑛 | is the area of region 𝐴𝑛 .
Traffic flow measurements were generated for 20 locations with the equal distance
(i.e., 10 meters) at a time interval of 10 seconds. Fundamental diagram parameters for
this road segment have been estimated in Herrera and Bayen (2010):
𝐶 = 2040 𝑣𝑝ℎ𝑝𝑙, 𝜌𝑗 = 205 𝑣𝑝𝑚𝑝𝑙, 𝜌𝑐 = 30 𝑣𝑝𝑚𝑝𝑙, 𝑣𝑓 = 68 𝑚𝑝ℎ, 𝑤𝑏 =– 11.7 𝑚𝑝ℎ.

Two test scenarios are designed and implemented:
Scenario I: Boundary traffic states are known, all intermediate locations’ traffic states
need to be estimated;
Scenario II: Traffic states at boundaries and some intermediate locations are known,
traffic states at other locations need to be estimated.
Results are summarized in Table 3.3, which clearly indicates that the MRF-based TSE
algorithm outperforms CAKF and KFMCMC, although its performance in Scenario I
is not as good as that in Scenario II.
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Figure 3.16 Schematic of I-5, Portland, OR; numbers in parentheses are mileposts;
unit: miles. (Source: adapted from Zheng et al. 2010)
Table 3.2 MAPE: Performance comparison using the vehicle count data, I-5, Portland
Algorithms
CS
Kalman

1
9.79%
10.10%

Granularity
5
10
9.86%
10.03%
10.41%
10.55%

20
10.27%
10.63%

40
10.78%
10.87%

Note: Each MAPE in the table is the average of 480 runs over six stations: for

each station, 8 different measurement rates between 0.2 and 0.9 were used;
for each measurement rate, 10 runs were implemented. Granularity stands
for missing patterns, for example, for |𝛬| = 40 (i.e., the number of
measures), Granularity=20 roughly means that these 40 measures are coming
from two blocks and each block contains 20 consecutive measures.

Figure 3.17 Schematic of US-101 in Los Angeles, California; lane numbering is
incremented from the left-most lane. (Source: Zheng et al. 2011a)
Table 3.3 MAPE of three algorithms using trajectories from US-101 in Los Angeles
Algorithms
MRF-based method
CAKF
KFMCMC
Scenario I
17.1%
17.8%
18.9%
Scenario II*
6.7%
12.4%
7.9%
*
MAPEs in Scenario II are the average of 20 experiments by randomly choosing 9
intermediate locations with known traffic states each time.
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4 Discussion and conclusions
Noise in traffic data is ubiquitous and appears in different forms (i.e., Gaussian
measurement noise, partial data missing, and corrupted noise). In the literature, TSE
algorithms focusing on Gaussian noise are predominant, while partial missing and
corrupted noise are often ignored. This is unfortunate because in the real world, these
two types of noise frequently appear. Thus, the first part of this paper devotes to the
development of a novel algorithm based on compressed sensing theory to achieve a
better information recovery performance. Three major advantages of this algorithm
are: i) it is capable of accounting for these three types of noise simultaneously; ii) its
recovery accuracy is theoretically guaranteed; and iii) its nice performance has been
convincingly demonstrated by comparing to that of the commonly used method based
on the Kalman filtering theory.
Commonly used and emerging techniques for collecting traffic data have been
discussed in the literature (e.g., Buisson et al., 2016; Deng et al., 2013; Treiber and
Arne, 2013). For example, in a recent study, Deng et al. (2013) compared four data
collection approaches: point detectors, automatic vehicle identification, mobile GPS
location sensors, and trajectories extracted from video images. Data accuracy and
reliability of each approach generally depends on many factors, such as environment,
market penetration, and quality of trajectory extracting algorithms. Intuitively, data
missing, Gaussian noise, and corrupted noise can occur in the data collected by each
approach. For example, in our analysis, field data collected from loop detectors and
video cameras have been used to test the proposed method. A satisfactory
performance has been obtained. This indicates that in these datasets, both Gaussian
and corrupted noises are present, and should not be simply ignored. Broadly speaking,
the physical meaning of corrupted noise is not well defined in the literature. Although
it would be nice if the trigger of corrupted noise could be clearly traced and
pinpointed, the authors believe that the physical meaning of corrupted noise (i.e., the
source of corrupted noise) does not matter much from the standpoint of data analysis
and traffic flow modeling because their consequences can be generically described as
corrupted noise regardless what has caused it. What really matters is the existence of
such noise (and thus, its impact) in traffic data.
In line with this understanding, Montanino and Punzo (2015) developed a trajectory
data reconstruction procedure to minimize all sorts of noise’s impact on the quality of
the celebrated NGSIM dataset (part of this dataset has also been used in our study),
regardless of the physical meaning of different noise types. Similarly, Saifuzzaman et
al. (2015) incorporated distraction’s impact on drivers’ car-following behavior,
regardless of distraction sources.
Moreover, even if our methodology is applied to traffic data that actually do not
contain notable corrupted noise, its impact on recovery error is negligible because
such scenarios are simply special case covered by our method.
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The second part of this paper focuses on developing a powerful algorithm to estimate
traffic states by incorporating and integrating Markov Random Field (MRF) and total
variation (TV) regularization to address two challenging issues: model linearization,
and optimization. More specifically, a method using MRF is developed to indirectly
linearize traffic flow model (i.e., the triangular fundamental diagrams). In addition, to
preserve rich information contained in discontinuities of traffic data, a TV
regularization term is introduced to effectively suppress the oscillation while sharp
edges in image are preserved. To take the advantage of the fact that change of the
traffic state along a freeway segment is generally gradual, which leads to the
“smoothness” of traffic states of neighboring cells, analogous to the smoothness of
neighboring pixels of an image, smoothness prior, a technique that is widely used in
image processing (Blake et al., 2011), is introduced to further improve this TSE
algorithm’s performance.
In particular, the information recovery problem and the traffic state estimation
problem are formulated as large scale convex optimizations, which can be quite
computationally demanding if traditional convex optimization techniques are used,
such as linear program or interior point method (Boyd and Vandenberghe, 2009). To
effectively and efficiently solve these problems, state-of-the-art optimization methods
such as Bregman (Yin et al, 2008) and split Bregman (Goldstein et al, 2009) are
adopted in this paper. These methods can be interpreted within a more general
framework  the alternating direction multipliers’ method (Gabay et al., 1976),
which has experienced a renaissance recently for its applicability of solving “big data”
related optimization problems (Eckstein, 2012). As demonstrated in this paper, this
family of optimization methods also has great potentials of being used in solving
large-scale traffic state estimations.
To objectively demonstrate this TSE algorithm’s performance, a numerical
experiment has been implemented. Moreover, two types of field data: loop detector
data and vehicular trajectories have been used to confirm the new algorithm’s
satisfactory performance. Result shows that the TSE algorithm developed in this paper
clearly and convincingly outperforms the two benchmarking TSE algorithms.
We also improved a TSE algorithm that was recently developed by Deng et al. (2013)
to increase its computational efficiency by using the Schur decomposition (Boyd and
Vandenberghe, 2009) when the number of estimated traffic variables is large.
Finally, in this paper we assume measurement noises uncorrelated. There are two
consequences of different assumptions on the relationship between measurement
noises: i) calculating the probability of s(i, t) will be different as indicated in Equation
(2.6). However, the independence assumption is not critical to the TSE algorithm
because for situations where the independence assumption does not hold, we only
need to modify 𝑝𝑟(𝑠(𝑖, 𝑡)) and the objective function of maximum log-likelihood
(i.e., Equation (2.8)). And ii) if dependence between measurement noises is
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considered the covariance matrix will be a full matrix with the degree of freedom
(DOF) of 𝑂(𝑛2 ), which can significantly increase computational cost. In practice,
instead of the independence assumption or the full dependence assumption, a
reasonable compromise can be achieved by taking into account the dependence
between 𝜀 𝑞 (𝑖, 𝑡) and its neighbors (dependence of 𝜀 𝜌 (𝑖, 𝑡) can be similarly
considered). This strategy can more accurately describe noises in traffic data with
only a moderate increase of computational cost. We have indeed implemented this
strategy, and our experiments confirmed that considering the dependence between
𝜀 𝑞 (𝑖, 𝑡) and the four-neighboring elements of 𝜀 𝑞 (𝑖, 𝑡) increases the estimation
accuracy. However, to be fair to the benchmarking algorithms used in the study, we
only reported results from the experiments based on the independent noise
assumption.
To conclude this paper, some topics for future research are provided: i) extending the
TSE algorithm to handle road segments with ramps; ii) investigating the TSE
algorithm’s performance when the independence assumption of 𝜀(𝑖, 𝑡) is violated; iii)
differentiating noise by sensor type.
Acknowledgements: The authors were grateful for three anonymous reviewers’
insightful comments. The first author also would like to thank Professor Vincenzo
Punzo and Professor Martin Treiber for discussing with him issues related to noise in
traffic data, and thank Tongji University for hosting him as a Visiting Professor. This
research was partially funded by DECRA fellowship from Australian Research
Council (Project ID: DE160100449) and by Queensland University of Technology
(QUT).
References
Blake, A., Kohli, P., Rother, C., 2011. Markov random fields for vision and image processing. The MIT
Press.
Boyd, S., Vandenberghe, L., 2009. Convex optimization. Cambridge university press.
Boykov, Y. Y., Jolly, M. P., 2001. Interactive graph cuts for optimal boundary & region segmentation of
objects in N-D images. Eighth IEEE International Conference on Computer Vision 1, 105-112.
Buisson, C., Villegas, D., Rivoirard, L., 2016. Using polar coordinates to filter trajectories data without
adding extra physical constrains. The 95th Annual Meeting of the Transportation Research Board.
Candès, E., Romberg, J., 2006. Quantitative robust uncertainty principles and optimally sparse
decompositions. Foundations of Computational Mathematics 6(2), 227-254.
Candès, E., Romberg, J., Tao, T., 2006. Robust uncertainty principles: Exact signal reconstruction from
highly incomplete frequency information. IEEE Transactions on Information Theory 52(2), 489-509.
Candès, E., 2008.The restricted isometry property and its implications for compressed sensing. C R
AcadSciSér I 346(9-10), 589-592.
Candès, E., Li, X., Ma, Y., Wright, J., 2011. Robust principal component analysis? Journal of the ACM
58 (3), 11:1-11:37.
Chambolle, A., 2004. An algorithm for total variation minimization and applications. Journal of

37

Mathematical imaging and vision 20(1-2), 89-97.
Chen, D., Laval, J., Ahn, S., Zheng, Z., 2012. Microscopic traffic hysteresis in traffic oscillations : a
behavioral perspective. Transportation Research Part B 46(10), 1440-1453.
Clark, C. E., 1961.The greatest of a finite set of random variables. Operations Research 9(2), 145-162.
Daganzo, C. F., 1994. The cell transmission model: a dynamic representation of highway traffic
consistent with the hydrodynamic theory. Transportation Research Part B 28(4), 269-287.
Daganzo, C. F., 1997. Fundamental of transportation and traffic operations. Pergamon Oxford UK.
Deng, W., Lei, H., Zhou, X., 2013. Traffic state estimation and uncertainty quantification based on
heterogeneous data sources: A three detector approach. Transportation Research Part B 57, 132-157.
Donoho, D.L., 2006. Compressed sensing. IEEE Transactions on Information Theory 52(4),
1289-1306.
Eckstein, J., 2012. Augmented Lagrangian and alternating direction methods for convex optimization:
A tutorial and some illustrative computational results. Rutcor Research Report.
Edie L.C., 1965. Discussion of traffic stream measurements and definitions. Proc. Int. Symp. on the
Theory of Traffic Flow, (J. Almond, ed.), pp. 139–154, OECD, Paris.
Elad, M., Bruckstein, A. M., 2002. A generalized uncertainty principle and sparse representation in
pairs of bases. IEEE Transactions on Information Theory 48(9), 2558-2567.
Elad, M., 2010. Sparse and redundant representations: from theory to applications in signal and image
processing. Springer.
Eldar, Y., Kutyniok, G., 2012. Compressed sensing: theory and applications. Cambridge University
Press.
Foygel R, Mackey L., 2013. Corrupted sensing: novel guarantees for separating structured signals.
Information Theory IEEE Transactions on 60(2), 1223-247.
Foucart, S., Holger, R., 2013. A Mathematical introduction to compressive sensing. Basel: Birkhäuser.
Gabay, D. and Mercier, B., 1976. A dual algorithm for the solution of nonlinear variational problems
via finite element approximation. Computers and Mathematics with Applications 2(1), 17-40.
Goldstein, T., Osher, S., 2009. The split Bregman method for L1-regularized problems. SIAM Journal
on Imaging Sciences 2(2), 323-343.
Herrera, J. C., Bayen, A. M., 2010. Incorporation of Lagrangian measurements in freeway traffic state
estimation. Transportation Research Part B 44(4), 460-481.
Jabari, S. E., Liu, H. X., 2013. A stochastic model of traffic flow: Gaussian approximation and
estimation. Transportation Research Part B 47, 15-41.
Jabari, S. E., Liu, H. X., 2012. A stochastic model of traffic flow: Theoretical foundations.
Transportation Research Part B 46(1), 156-174.
Karim, A., Adeli, H., 2002. Incident detection algorithm using wavelet energy representation of traffic
patterns. Journal of Transportation Engineering 128(3), 232-242.
Kolmogorov, V., Zabin, R., 2004. What energy functions can be minimized via graph cuts? IEEE
Transactions on Pattern Analysis and Machine Intelligence 26(2), 147-159.
Laval, J. A., He, Z., Castrillon F., 2012. Stochastic Extension of Newell's Three-Detector Method.
Transportation Research Record: Journal of the Transportation Research Board 2315(1), 73-80.

38

Li, S. Z., 2009. Markov random field modeling in image analysis. Springer.
Li, X., 2013. Compressed sensing and matrix completion with constant proportion of corruptions.
Constructive Approximation 37(1), 73-99.
Montanino, M., Punzo, V., 2015. Trajectory data reconstruction and simulation-based validation against
macroscopic traffic patterns. Transportation Research Part B: Methodological 80, 82-106.
Muñoz, L., Sun, X., Horowitz, R. et al., 2003. Traffic density estimation with the cell transmission
model. American Control Conference Proceedings of the IEEE 5, 3750-3755.
Newell, G. F., 1993. A simplified theory of kinematic waves in highway traffic part I: General Theory.
Transportation Research Part B 27(4), 281-297.
Nguyen, N. H. and Tran, T. D., 2013. Exact recoverability from dense corrupted observations
via-minimization. IEEE Transactions on Information Theory 59(4), 2017-2035.
Osorio, C., Flötteröd, G., 2013. Capturing dependency among link boundaries in a stochastic dynamic
network loading model. Transportation Science 49(2), 420-431.
Papageorgiou, M., Blosseville, J.M., Haj-Salem, H., 1990. Modeling and real-time control of traffic
flow on the southern part of Boulevard Peripherique in Paris –– Part I: modeling. Transportation
Research A 24, 345-359.
Rudelson, M., Vershynin, R., 2008. On sparse reconstruction from Fourier and Gaussian measurements.
Communications on Pure and Applied Mathematics 61(8), 1025-1045.
Rudin, L.I., Osher, S., Fatemi, E., 1992. Nonlinear total variation based noise removal algorithms.
Physica D 60, 259-268.
Saifuzzaman, M., Zheng, Z., Haque, M. M., Washington, S., 2015. Revisiting the Task–Capability
Interface model for incorporating human factors into car-following models. Transportation Research
Part B: Methodological 82, 1-19.
Shannon, C.E., 1949. Communication in the presence of noise. Proc. Institute of Radio Engineers 37(1),
10-21.
Stathopoulos, A. and Karlaftis, M. G., 2003. A multivariate state space approach for urban traffic flow
modeling and prediction. Transportation Research Part C: Emerging Technologies 11(2), 121-135.
Sumalee, A., Zhong, X., Pan, L., Szeto, Y., 2011. Stochastic cell transmission model (SCTM): A
stochastic dynamic traffic model for traffic state surveillance and assignment. Transportation Research
Part B 45(3), 507-533.
Sun, X., Muñoz, L., Horowitz, R., 2003. Highway traffic state estimation using improved mixture
Kalman filters for effective ramp metering control. In Proc. of the 42nd IEEE Conference on Decision
and Control 6, 6333-6338.
Tillmann, A. M. and Pfetsch, M. E., 2014. The Computational Complexity of the Restricted Isometry
Property, the Nullspace Property, and Related Concepts in Compressed Sensing. IEEE Trans. Inf. Th.,
60(2), 1248-1259.
Treiber, M, Arne, K., 2013. Traffic Flow Dynamics: Data, Models and Simulation. Springer.
Van Loan, C., 1992. Computational frameworks for the fast Fourier transform (Vol. 10). Siam.
Vlahogianni, E. I., Golias, J. C., Karlaftis, M. G., 2004. Short‐term traffic forecasting: Overview of
objectives and methods. Transport reviews 24(5), 533-557.
Wang, Y., Papageorgiou, M., 2005. Real-time freeway traffic state estimation based on extended

39

Kalman filter: a general approach. Transportation Research Part B 39(2), 141-167.
Wright, J., Yang, A. Y., Ganesh, A., Sastry, S., Ma, Y., 2009. Robust Face Recognition via Sparse
Representation, IEEE Transactions on Pattern Analysis & Machine Intelligence 31(2), 210-227.
Xu, D., Dong, H., Li, H., Jia, L., Feng, Y., 2014. The estimation of road traffic states based on
compressive sensing. Transportmetrica B: Transport Dynamics 3(2), 131-152.
Yin, W., Osher, S., Goldfarb, D., Darbon, J., 2008. Bregman iterative algorithms for l1-minimization
with applications to compressed sensing. SIAM Journal on Imaging Sciences 1(1), 143-168.
Zheng, Z., 2014. Recent developments and research needs in modeling lane changing. Transportation
Research Part B 60, 16-32.
Zheng, Z., Ahn, S., Chen, D., Laval, J., 2011a. Applications of wavelet transform for analysis of
freeway traffic: Bottlenecks transient traffic and traffic oscillations. Transportation Research Part B
45(2), 372-384.
Zheng, Z., Ahn, S., Chen, D., Laval, J., 2011b. Freeway traffic oscillations: microscopic analysis of
formations and propagations using Wavelet Transform. Transportation Research Part B 45(9),
1378-1388.
Zheng, Z., Su, D., 2014. Short-term traffic volume forecasting: A k-nearest neighbor approach
enhanced by constrained linearly sewing principle component algorithm. Transportation Research Part
C 43, 143-157.
Zheng, Z., Washington, S., 2012. On selecting an optimal wavelet for detecting singularities in traffic
and vehicular data. Transportation Research Part C: Emerging Technologies 25, 18-33.
Zheng, Z., Ahn, S., Monsere, C. M., 2010. Impact of traffic oscillations on freeway crash occurrences.
Accident Analysis and Prevention 42(2), 626-636.
Zhu, Y., Li, Z., Zhu, H., Li, M., Zhang, Q., 2013. A compressive sensing approach to urban traffic
estimation with probe vehicles. IEEE Transactions on Mobile Computing 12(11), 2289-2302.

Appendix A: Mixed Kalman filtering with MCMC sampling
This appendix describes a CTM-based mixed Kalman filtering with Markov Chain
Monte Carlo (KFMCMC) algorithm (Sun et al., 2003). In this algorithm, the
congestion state profile s(i, t) is computed prior to estimation of the density profile
𝜌(𝑖, 𝑡).
The algorithm is briefly discussed below.
A highway segment is divided into

𝑁
𝑘

sections with each section containing k cells,

𝑠𝑖 (𝑡) denotes the traffic state of the ith section during time interval [𝑡, 𝑡 + 1]∆𝑡.
Generally 𝑠𝑖 (𝑡) can have 2𝑘 distinct traffic states. Sun et al. (2003) only considered
two typical states of 𝑠𝑖 (𝑡), pure free-flow (i.e., 𝑠𝑖 (𝑡) = 0 for each cell of this section)
and full congestion (i.e., 𝑠𝑖 (𝑡) = 1 for each cell of this section). For notational
convenience, let 𝑥𝑖 (𝑡) = [𝜌(𝑖, 𝑡), ⋯ , 𝜌(𝑖 + 𝑘 − 1, 𝑡)]𝑇 denote the state vector for the
ith section, and 𝑦𝑖 (𝑡) = [𝜌̂(𝑖, 𝑡), ⋯ , 𝜌̂(𝑖 + 𝑘 − 1, 𝑡), 𝑞̂(𝑖, 𝑡), 𝑞̂(𝑖 + 𝑘, 𝑡)]𝑇 is the
corresponding measurement vector. According to Sun et al. (2003), a linear
relationship between 𝑥𝑖 (𝑡) and 𝑦𝑖 (𝑡) is established as in Equation (A.1):
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{

𝑥𝑖 (𝑡 + 1) = 𝐴(𝑠𝑖 (𝑡 + 1))𝑥𝑖 (𝑡) + 𝐵(𝑠𝑖 (𝑡 + 1))𝑢(𝑡 + 1) + 𝐹(𝑠𝑖 (𝑡 + 1))𝑣(𝑡 + 1)

(A.1)

𝑦𝑖 (𝑡) = 𝐶(𝑠𝑖 (𝑡))𝑥𝑖 (𝑡) + 𝐷(𝑠𝑖 (𝑡))𝑢(𝑡) + 𝐺(𝑠𝑖 (𝑡))𝑤(𝑡)

Where u(t) is known and serves as the input control vector in the Kalman system;
matrices A, B, C, D, F, and G are determined once 𝑠𝑖 (𝑡) or 𝑠𝑖 (𝑡 + 1) is given; v(t)
and w(t) are noise following a normal distribution.
(𝑚)

denote the 𝑚th sample of 𝑠𝑖 , 1 ≤ 𝑚 ≤ 𝑀, where M is the total number of

Let 𝑠𝑖

(𝑚)

samples. 𝑠𝑖

is generated through MCMC using Equation (A.2):

(𝑚)

(𝑡 + 1), 𝑦𝑖 (𝑡 + 1)|𝑠𝑖(𝑚) (𝑡), 𝑦𝑖 (1: 𝑡), 𝑢(1: 𝑡 + 1)) ∝

(𝑚)

(𝑡 + 1)|𝑠𝑖

𝑝(𝑠𝑖
𝑝(𝑠𝑖

(𝑚)

(𝑚)

(𝑡))𝑝(𝑦𝑖 (𝑡 + 1)|𝑠𝑖

(𝑡 + 1), 𝑠𝑖(𝑚) (𝑡), 𝑦𝑖 (1: 𝑡), 𝑢(1: 𝑡))
(𝑚)

In practice, the consecutive congestion states 𝑠𝑖

(𝑚)

(𝑡) and 𝑠𝑖

(A.2)

(𝑡 + 1) obey a prior

transition probability as shown in Equation (A.3) and Equation (A.4).
(𝑚)

𝑝(𝑠𝑖

(𝑚)

(𝑡 + 1)|𝑠𝑖

(𝑚)

𝑝(𝑦𝑖 (𝑡 + 1)|𝑠𝑖

(𝑚)

Where 𝑦̂𝑖

(𝑚)

0.95, 𝑖𝑓 𝑠𝑖
(𝑡)) = {
0.05,

(𝑡 + 1) = 𝑠𝑖(𝑚) (𝑡)
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(A.3)

(𝑚)
(𝑡 + 1), 𝑠𝑖(𝑚) (𝑡), 𝑦𝑖 (1: 𝑡), 𝑢(1: 𝑡)) = 𝑁𝑜𝑟𝑚𝑎𝑙 (𝑦̂𝑖(𝑚) (𝑡 + 1|𝑡), 𝑄𝑡+1|𝑡
)

(A.4)

(𝑚)

(𝑡 + 1|𝑡) and 𝑄𝑡+1|𝑡 denote the prior expectation and covariance of

𝑦𝑖 (𝑡 + 1), which can be obtained by the Kalman system in Equation (A.1), given
(𝑚)

(𝑡 + 1), 𝑠𝑖(𝑚) (𝑡), 𝑦𝑖 (𝑡), and 𝑢(𝑡).

(𝑚)

(𝑡) is then sampled sequentially according to the probability calculated using

𝑠𝑖
𝑠𝑖

(𝑚)

Equation (A.2). For M samples {𝑠𝑖

|1 ≤ 𝑚 ≤ 𝑀}, a posterior probability of 𝑠𝑖 (𝑡)

can be approximated by Equation (A.5):
(𝑚)

𝑝(𝑠𝑖 (𝑡)|𝑦𝑖 (𝑡), 𝑢(𝑡)) ≈ ∑𝑀
𝑚=1 𝜉𝑡

(𝑚)

𝛿(𝑠𝑖 (𝑡) − 𝑠𝑖

(𝑡))

(A.5)

where
(𝑚)

𝜉𝑡

(𝑚)

=

𝑝(𝑠𝑖

(𝑡)|𝑦𝑖 (1:𝑡),𝑢(1:𝑡))

(𝑚)

∑𝑀
𝑚=1 𝑝(𝑠𝑖

(𝑡)|𝑦𝑖 (1:𝑡),𝑢(1:𝑡))

(𝑚)

,𝛿(𝑠𝑖 (𝑡) − 𝑠𝑖

(𝑚)

(𝑡) = 𝑠𝑖 (𝑡)
(𝑡)) = {1, 𝑖𝑓 𝑠𝑖
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Finally, the state vector 𝑠𝑖 is calculated by using Maximize A Posterior (MAP):
(𝑚)

𝑠̂𝑖,𝑀𝐴𝑃 = 𝑎𝑟𝑔𝑚𝑎𝑥𝑠 𝑝(𝑠𝑖

(𝑡) = 𝑠|𝑦𝑖 (1: 𝑡), 𝑢(1: 𝑡))

(A.6)

Once the congestion state estimation 𝑠̂ 𝑖,𝑀𝐴𝑃 is obtained, the density profile 𝜌(𝑖) can
be estimated conditional on 𝑠̂𝑖,𝑀𝐴𝑃 .
In practice, the estimation accuracy of 𝑠(𝑖, 𝑡) and 𝜌(𝑖, 𝑡) decrease monotonically as
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the length of cell k increase because the granularity of 𝑠(𝑖, 𝑡) would become more
coarse along the space direction and fewer measurement data of q(i,t) can be used in
the Kalman system (i.e., Equation (A.1)), e.g. only

𝑁
𝑘

portion of the whole

measurement data 𝑞(𝑖, 𝑡) can be involved in Equation (A.1). Therefore, in Section
3.3 of this paper, we only report the best case of KFMCMC when k=1.
Appendix B: Kalman filtering with Clark’s approximation algorithm
This algorithm (Deng et al., 2013) is based on TDM (Newell, 1993). Since the
measurement of the cumulative vehicle counts on the boundaries 𝑛𝑢 (𝑡) and 𝑛𝑑 (𝑡)
often contain noise, a stochastic version of TDM is adopted in Deng et al. (2013), as
shown in Equation (B.1)
𝑙

𝑛̅(𝑖, 𝜏) = 𝑚𝑖𝑛 {𝑧𝑢 (𝜏 − 𝑣𝑖 ) , 𝑧𝑑 (𝜏 −

𝑙𝑑 −𝑙𝑖
𝑤𝑏

𝑓

) + 𝑘𝑗 (𝑙𝑑 − 𝑙𝑖 )}

(B.1)

Where
𝑙

𝑙

𝑙

𝑧𝑢 (𝜏 − 𝑣𝑖 ) = 𝑛𝑢 (𝜏 − 𝑣𝑖 ) + 𝜀𝑢 (𝜏 − 𝑣𝑖 ); 𝑧𝑑 (𝜏 −
𝑓

𝜀𝑑 (𝜏 −

𝑙𝑑 −𝑙𝑖
𝑤𝑏

𝑓

𝑓

𝑙𝑑 −𝑙𝑖
𝑤𝑏

) = 𝑛𝑑 (𝜏 −

𝑙𝑑 −𝑙𝑖
𝑤𝑏

)+

);

𝑙

𝜀𝑢 (𝜏 − 𝑣𝑖 ) ~𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎𝑢2 ); 𝜀𝑑 (𝜏 −

𝑙𝑑 −𝑙𝑖

𝑓

𝑤𝑏

) ~ 𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎𝑑2 );

𝑙𝑑 is the location of the downstream boundary; and 𝑙𝑖 is the location of the ith cell.
Using Clark’s approximation (Clark, 1961), 𝑛̅(𝑖, 𝜏) is approximated by a linear
𝑙

combination of 𝑉𝑢 = 𝑛𝑢 (𝜏 − 𝑣𝑖 ) and 𝑉𝑑 = 𝑛𝑑 (𝜏 −
𝑓

𝑙𝑑 −𝑙𝑖
𝑤𝑏

) + 𝑘𝑗 (𝑙𝑑 − 𝑙𝑖 ) plus a

Gaussian random variable, as shown in Equation (B.2):
𝑉
𝑛̅(𝑖, 𝜏)~𝑁𝑜𝑟𝑚𝑎𝑙 (𝛷𝑇 [ 𝑢 ] , 𝛾)
(B.2)
𝑉𝑑
Where 𝛷 is a 2-dimensional vector, 𝛾 is the correlation coefficient between 𝑉𝑢 and
𝑉𝑑 . Both 𝛷 and 𝛾 can be computed from 𝑉𝑢 , 𝑉𝑑 , 𝜎𝑢2 , 𝜎𝑑2 and 𝜎𝑢𝑑 .
Furthermore, relationships between𝑛(𝑖, 𝜏), 𝜌(𝑖, 𝑡) and 𝑞(𝑖, 𝑡) are defined in
Equation (B.3).
𝜌(𝑖, 𝑡) =

𝑛(𝑖,𝑡)−𝑛(𝑖+1,𝑡)
∆𝑙

,𝑞(𝑖, 𝑡) =

𝑛(𝑖,𝑡+∆𝑡)−𝑛(𝑖,𝑡)

(B.3)

∆𝑡

A Kalman system as in Equation (B.4) is obtained by combining equations (B.2 ~
B.3):
+
−
{ 𝑁 = 𝑁− + 𝑣
(B.4)
𝑌 = 𝐻𝑁 + 𝑤
𝑙

𝑙

𝑙

Where 𝑁 = [𝑛𝑢 , 𝑛𝑑 ]𝑇 ,𝑛𝑢 = [𝑛𝑢 (− 𝑣𝑑 ) , 𝑛𝑢 (− 𝑣𝑑 + 𝛥𝑡) , ⋯ , 𝑛𝑢 (− 𝑣𝑑 + 𝑇𝑢 𝛥𝑡)],
𝑓

𝑙

𝑙

𝑓

𝑓

𝑙

𝑛𝑑 = [𝑛𝑑 (− 𝑤𝑑 ) , 𝑛𝑑 (− 𝑤𝑑 + 𝛥𝑡) , ⋯ , 𝑛𝑑 (− 𝑤𝑑 + 𝑇𝑑 𝛥𝑡)], 𝛥𝑡 denotes the time step,
𝑏

𝑏

𝑏
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𝑙

𝑙

− 𝑤𝑑 + 𝑇𝑑 𝛥𝑡 = − 𝑣𝑑 + 𝑇𝑢 𝛥𝑡 denotes the end time of the simulation;
𝑏

𝑓

−

𝑣~𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝑃 ); 𝑃 − = 𝐸(𝑁 − 𝑁 −𝑇 ); 𝑤~𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝑅), where R is the covariance
matrix of w and treated as diagonal since w is a combination of the Clark's
approximation noise and the Gaussian measurement noise, and typically the Gaussian
measurement noise is much larger than the approximation noise in Equation (B.2);
𝑁 − denotes the prior estimation of N; and 𝑁 + denotes the poster estimation of N;
𝑌 = [𝜌̂(𝑖, 𝑡), 𝑞̂(𝑖, 𝑡)]𝑇 , where 1 ≤ 𝑖 ≤ 𝐼, 1 ≤ 𝑡 ≤ 𝑇 are integers; and 𝜌̂(𝑖, 𝑡) and
𝑞̂(𝑖, 𝑡) denote the measurement of density and flow at location 𝑙𝑖 and time 𝑡∆𝑡,
respectively.
An updated version of (𝑁 − , 𝑃− ), which is denoted as (𝑁 + , 𝑃 + ), is shown in
Equation (B.5).
𝑁 + = 𝑁 − + 𝐾(𝑌 − 𝐻𝑁 − )
{
𝑃+ = (1 − 𝐾𝐻)𝑃−
Where 𝐾 = 𝑃− 𝐻 𝑇 (𝐻𝑃− 𝐻 𝑇 + 𝑅)−1, 𝑃 + = 𝐸(𝑁 + 𝑁 +𝑇 ).

(B.5)

Generally, 𝑁 + is much more accurate than 𝑁 − because it is estimated through the
intermediate measurement Y in Equation (B.5). After 𝑁 + was obtained in Equation
(B.5), the final estimation of [𝜌(𝑖, 𝑡), 𝑞(𝑖, 𝑡)]𝑇 is given by H𝑁 + according to
Equation (B.4).
The algorithm in Deng et al. (2013) is further improved in this study to efficiently
handle high-dimension scenarios. w in Equation (B.4) is a combination of Clark’s
approximation error and measurement noise, whose covariance matrix R can be
approximately treated as a diagonal matrix. The main difficulty of computing
(𝑁 + , 𝑃+ ) in Equation (B.5) lies in efficiently computing (𝐻𝑃− 𝐻 𝑇 + 𝑅)−1 𝑧, where z
is an arbitrary 𝐼 × 𝑇 dimensional vector, and 𝐻𝑃− 𝐻 𝑇 + 𝑅 is a 𝐼𝑇 × 𝐼𝑇 dense
matrix. To overcome this difficulty, we apply the Schur decomposition (Boyd and
Vandenberghe, 2009) when 𝐼𝑇 × 𝐼𝑇 is large (e.g., larger than 10000). More
specifically, the problem is equivalent to solve x in Equation (B.6):
(𝐻′𝐻′𝑇 + 𝑅)𝑥 = 𝑧
(B.6)
′
− )1/2
𝑇
Where R is a diagonal matrix,𝐻 = 𝐻(𝑃
,𝐻′𝐻′ is low rank (rank 𝑇′ where T' =
Tu + Td denotes the dimensionality of N; 𝑇′ ≪ 𝐼𝑇).
Equation (B.6) is equivalent to Equation (B.7):
𝐻 ′ 𝑦 + 𝑅𝑥 = 𝑧
{
𝐻′𝑇 𝑥 = 𝑦

(B.7)

A matrix form of Equation (B.7) is:
𝑥
𝑧
[ 𝑅𝑇 𝐻′ ] [𝑦] = [ ]
0
𝐻′ −𝐼
By applying the Schur decomposition on matrix [ 𝑅𝑇
𝐻′

(B.8)
𝐻′ ] we have:
−𝐼
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−1

−1
0 ] 𝑋𝑇
= 𝑋 [𝑅
(B.9)
0
𝐷−1
−1
Where 𝑋 = [ 𝐼 −𝑅 𝐻′] is a non-singular matrix, with 𝐼 an identity matrix;
0
𝐼
𝑇 −1
𝐷 = 𝐻′ 𝑅 𝐻′ is a 𝑇′ × 𝑇′ positive definite matrix, which is called the Schur
complement. Solving x by using Equation (B.9) requires 𝑂(𝑇𝐼 + 𝑇 ′3 ) operations,
and 𝑂(𝑇′𝐼 + 𝑇′2 ) memory to store the matrices H (note that H is a sparse matrix
according to equations (B.3) and (B.4)) and 𝐷−1 . In contrast, solving x directly
without using the Schur decomposition (i.e., computing the inverse of (𝐻′𝐻′𝑇 + 𝑅))
requires 𝑂(𝑇𝐼)3 operations and 𝑂(𝑇𝐼)2 memory.

[ 𝑅𝑇
𝐻′

𝐻′ ]
−𝐼

Appendix C: An example of filtering out corrupted noise using the CS-based
algorithm
As an example to demonstrate the CS-based algorithm’s ability of filtering out
corrupted noise, a dataset that contains documented corrupted noise caused by
hardware failure is used. Specifically, the data were collected in April 2000 for every
1.5 min from seven loop detectors on Alexandras Ave. in the centre of Athens.
Detailed description of the site and data can be found in Zheng and Su (2014). This
dataset was chosen primarily because of its known source and presence of corrupted
noise. As reported in Stathopoulos and Karlaftis (2003), extreme values of traffic flow
in this dataset occasionally occur and were caused by hardware failures. These
extreme values caused by hardware failures are good examples of corrupted noise,
and thus provide a good opportunity to test the CS-based algorithm’s effectiveness of
filtering out the corrupted noise.
Figure C.1 shows a typical example of a traffic flow signal segment that contains
corrupted noise and the CS-based algorithm’s performance in removing the corrupted
noise from the original signal while preserving information contained in the
non-corrupted signal.
The original traffic flow signal is plotted (i.e., the solid line) in the sub-figure at the
top, and the corrupted noises are marked as dots. The sub-figure in the middle depicts
the signal recovered by the proposed CS-based algorithm, with the original signal
marked by the solid line and the recovered signal by dots, the relative signal recovery
error in this case is about 12%. The sub-figure at the bottom is specifically for
illustrating the CS-based algorithm’s effectiveness in removing the corrupted noises,
with the corrupted noises marked by dots and the estimated corrupted noises marked
as the solid line. As clearly shown in this sub-figure, all the corrupted noises were
identified and closely estimated by the proposed algorithm.
In summary, Figure C.1 convincingly demonstrates that the proposed CS algorithm is
effective in removing corrupted noise while recovering and preserving information
from the signal.
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Figure C.1 An example of filtering out corrupted noise using the CS-based algorithm
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